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Abstract 
Flat slabs are reinforced concrete slabs supported directly on columns without beams. Flat slabs 
are commonly used for construction of medium-rise office buildings and car parking structures 
due to their ease of construction, reduced story height and ease of routing of services. Load 
concentrations can be significant at edge and corner columns as well as around internal columns, 
making the slab-column connections susceptible to punching shear failure. Most reported 
occurrences of progressive collapse in flat slab structures have had punching shear failure as an 
initial local failure. Some of these collapses progressed horizontally through punching of 
adjoining connections due to gravity load redistribution, dynamic effects and excessive slab 
deformation. In many cases, failure also progressed vertically due to impact of falling slabs on 
lower lying ones.  
Design rules specified in codes and building regulations to prevent progressive collapse are not 
suitable for application to flat slab structures due to the development of failure mechanisms, such 
as punching shear and compressive membrane action at small deformations; and post-punching 
shear and tensile membrane action at large deformations. The influence of these mechanisms, 
and their interaction, on the response of flat slab systems during progressive collapse is not fully 
understood. Knowledge on influence of the dynamic nature of progressive collapse in flat slab 
system response is also not fully established. Existing numerical and analytical approaches for 
assessment of progressive collapse in flat slab structures either limits response assessment to 
failure at the first connection or neglects one or more mechanisms. Hence, they can provide 
unrealistic predictions of damage after local failure, little knowledge on the collapse progression 
and the contributions of neglected mechanisms to overall system response. 
In this thesis, numerical and analytical models were developed and validated for the prediction 
of the post-punching shear capacity of isolated slab specimens, using tests reported in literature. 
Results of numerical modelling of punching shear strength, residual shear strength after 
punching and post-punching shear strength in isolated slab specimens agreed with those of tests. 
Results of residual shear strength after punching and post-punching shear strength obtained 
analytically were also in agreement with test results. 
A numerical approach was developed for the assessment of progressive collapse of flat slab 
systems. The flat slab system model considered compressive membrane action, tensile 
membrane action, gravity load redistribution and damage propagation. These mechanisms were 
not considered in the isolated slab specimens. Results of numerical flat slab system analysis 
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provided a good understanding of the gravity load redistribution after the sudden loss of an 
internal column, the contribution of compressive membrane action prior to the punching shear 
failure, tensile membrane and post-punching shear actions after punching shear failure of 
connections. The transition and interaction between these mechanisms were also investigated. 
Analytical slab-column subsystem and flat slab system models were also developed. Both 
models provided results which agreed with those obtained through dynamic finite element 
analysis. Results from the analytical flat system model confirmed the contribution of 
compressive membrane action in the resistance of progressive collapse through the confinement 
of the slab area around the slab-column connections and the reduction of slab deformation around 
the slab-column connections. Both numerical and analytical flat slab system approaches showed 
that for cases of slabs with sufficient integrity reinforcement and no punching shear 
reinforcement, punching shear failure of adjoining connections would occur though the 
progressive collapse could be arrested with sufficient area of integrity reinforcement. Required 
areas of integrity reinforcement calculated using code formulae were found to be insufficient in 
cases of sudden loss of an internal column since they do not account for dynamic amplifications 
of gravity loads and possible reductions in post-punching capacity at the connections due to 
geometric and load asymmetry. 
It was generally concluded that integrity reinforcement is effective for arresting progressive 
collapse (vertical collapse propagation) in flat slab systems if designed with the consideration of 
dynamic loading, geometric and load asymmetry developed after the occurrence an initial local 
failure. However, provision of integrity reinforcement for robustness does not arrest the 
horizontal propagation of damage after an initial punching shear failure of adjacent connections. 
Therefore, it is concluded that a more effective design approach for robustness is increasing the 
strength and deformation capacity of flat slab connections (using punching shear reinforcement). 
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1.1 Motivation for the study 
In buildings and civil engineering structures, initial local failure can result from the use of 
inappropriate material or system models, error in construction or excessive loading. They also 
can result from malevolent or accidental actions such as vehicle, ship or airplane impact; 
explosions resulting from gas leaks, terrorist attack; or impact and explosion from missile 
attacks. Environmental actions such as flooding, extreme wind or fire may also lead to local 
damage.  A partial or total redistribution of loads in the structure will result after the occurrence 
of an initial local failure as the structure tries to reach a new state of equilibrium, relative to its 
new loading and support conditions. Failure of adjoining structural elements and connections 
will result if their load and deformation capacities are insufficient in this new state. Progression 
of damage up to a point where a state of equilibrium is satisfied is commonly referred to as 
progressive collapse (Mirzaei, 2010). If there exists a disproportion between the initial triggering 
event and the final state of the structure which violates defined performance objectives, a 
disproportionate collapse is said to have occurred (Starossek, 2009; DCLG, 2011). The 
insensitivity of building and civil engineering structures to initial local failure is a characteristic 
commonly referred to as structural robustness. It is a property, designers aim to incorporate into 
structures so as to minimize secondary structural damages (which can lead to progressive 
collapse) and other consequential losses which could result from an initial local damage 
triggering event.  
Interest in the avoidance of disproportionate collapse sprung in the UK after a gas explosion in 
a single kitchen triggered the progressive collapse of the 22-storey Ronan Point tower in 1968. 
Interest rouse again after the Alfred P. Murrah Building Oklahoma in 1995 and the September 
2001 attack on the World Trade Centre. Both cases of collapse after malevolent actions drew 
global attention to the need for considerations of robustness of new and existing structures. 
Design codes and building regulations laid more emphasis on improving robustness of important 
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and high risk structures. Due to this globally renewed interest in structural robustness, researches 
over the past 20 years have led to breakthroughs in knowledge relating to the design and 
construction of robust structures. 
Mechanisms developed during progressive collapse are dependent on the type of structural 
system and the initiating event. This is because some failure mechanisms are peculiar to certain 
type of structures, the structural element which failed initially, and the level of dynamic load 
imposed on the structure globally and locally. Though significant amount of research has been 
carried out in the last 20 years in  the area of progressive collapse, most of these focus on two-
dimensional frame trusses (Yan, Zhao and Lu, 2017; Li, Li, Jiang and Lu, 2018a; and  Li, Li, 
Jiang and Lu, 2018b); space frames structures (Xu, Han, Parke and Liu, 2017); steel and 
reinforced concrete beam-column framed structures (Vlassis, Izzuddin, Elghazouli and 
Nethercot, 2008; Szyniszewski and Krauthammer, 2012; and Sasani, Bazan and Sagiroglu, 
2007). These studies have covered experimental, numerical and analytical work aimed at 
understanding and predicting, using simple tools, the behavior of structures after an initial local 
failure. However, gaps still exist in knowledge on other forms of construction which are widely 
used in practice such as reinforced concrete flat slab structures (Mirzaei, 2010). This due to the 
peculiar nature of mechanisms developed at slab-column connections and their sensitivity of 
dynamic loading. 
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Figure 1.1:    Flat slab structures: (a) structural configuration; (b) Innovation for health 
learning laboratory, University of Surrey  
Flat slabs are reinforced concrete slabs supported directly on columns without beams (Figure 
1.1). Advantages obtained from their incorporation into structures include ease of construction, 
reduced story height and ease of routing of services. Hence, they are commonly applied in the 
construction of medium-rise office buildings and car parking structures. The behavior of flat slab 
structures before and after initial local failure is quite different from those of conventional 
reinforced concrete frame structures. Unlike conventional reinforced concrete framed structures 
where beams are primarily relied on for transfer of shear forces and moments from slabs to 
columns, flat slab structures rely on the slab-column connections. Load concentrations can be 
significant at edge and corner columns as well as around internal columns.  
The critical design mode of failure for flat slab structures (ultimate limit state) is generally 
punching shear at the slab-column connections. This type of failure is brittle, with no warning 
and very little deflection. To improve the strength of connections as well as ensure a ductile 
failure, punching shear reinforcement (vertical reinforcement provided over the depth of the slab) 
is introduced in the slab around the column. Most occurrences of progressive collapse in flat slab 
structures reported in the past have had punching as an initial local failure (Wood, 2001; Park, 
2012; and King and Delatte, 2004). Some of these collapses progressed horizontally through 
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punching of adjoining connections due to gravity load redistribution, dynamic effects and 
excessive slab deformation (Wood, 2001; Park, 2012; and King and Delatte, 2004). In many 
cases, failure also progressed vertically due to impact of falling slabs on lower lying ones. 
However, in some cases such as the partial collapse of the Pipers Row Car Park at 
Wolverhampton in 1997 (Figure 1.2.a), punching shear failure at one column led to the punching 
shear failure of eight adjacent columns (Wood, 2001) with no vertical propagation of failure.  
Punching shear failure of a connection at the roof slab of a 16- story apartment building (Figure 
1.2b) in Boston in 1971, led to the progressive collapse of all floor slabs below it (King & Delatte, 
2004). Other cases of progressive collapse of flat slab structures include collapse of the 26 story 
Skyline Plaza apartment building in Virginia (1973), flat slab building in Bluche Switzerland 
(1981), 5 story Harbor Cay Condominium in Florida (1981), Gretzenbach under-ground parking 
garage in Switzerland (2004) and the 5 story Sampoong Departmental Store in Seoul (1995). Of 
the various cases of progressive collapse involving flat slab structures, Seoul’s Sampoong 
Departmental Store disaster is the most fatal. It resulted in 502 recorded deaths, 6 missing 
persons, 937 persons injured and damage to property worth KRW 100billion (Park, 2012). This 
shows that, though progressive collapse is a relatively rare event, its consequences could range 
from the multi-million loss worth of property, to very high casualty figures. 
 
Figure 1.2: Collapse of flat slab structures: (a) Pipers Row Car Park, Wolverhampton 
(Wood, 2001); (b) 2000 Commonwealth Avenue, Boston (King & Delatte, 2004) 
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1.2 Research problem 
Having emphasized that progressive collapse mechanisms are structural system dependent, 
design procedures specified in codes and building regulations to prevent progressive collapse 
lack general applicability. Though direct design rules are adaptable to different structural systems 
due to their thorough approach, prescriptive rules (vertical, horizontal and peripheral ties) 
available in most codes, such as the BS EN 1992-1-1 (CEN, 2014b), are well suited to beam-
column framed systems where catenary action is a required post-initial local failure load transfer 
mechanism. They are not suitable for application to flat slab structures due to the development 
of other failure mechanisms, such as punching shear, at small deformations and spalling of 
flexural reinforcements around the connection during post-punching. Such mechanisms would 
impede development of tying mechanism required to establish an alternative load path after an 
initial local failure, having applied prescriptive rules (Sagaseta, Ulaeto, & Russell, 2017). This 
is because formation of a punching shear cone limits the number of reinforcement which should 
contribute to tensile membrane mechanism at the connection. Spalling and breakage of concrete 
around reinforcement connecting the slab to the punching shear cone after punching also limits 
the ability of the connection to contribute to tensile membrane action. 
Over the past few decades numerical and theoretical approaches have been developed which aim 
at providing approaches for the assessment of progressive collapse of flat slab structures. 
However, there exists no numerical or theoretical approach for the assessment of response of flat 
slab structures which adequately incorporates the various mechanisms initiated after a local 
failure. Possible mechanisms initiated include flexure, punching shear, post-punching shear, 
vierendeel, compressive and tensile membrane actions. Transition of connection response from 
flexure with compressive membrane action (CMA) to punching shear and then post-punching 
with tensile membrane action (TMA) occurs over very small time intervals. This makes 
progressive collapse of flat slabs a problem involving dynamic effects, which could arise due to 
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the accidental event or after the initial local failure. Assessments of progressive collapse are also 
carried out at the post-initial local failure stage, when the structure must have under gone large 
deformations. Hence, they involve both material and geometric non-linearities. Existing 
approaches fail to adequately take into consideration post-punching mechanism, dynamic 
loading and its effects on the structure. 
Experimental, numerical and analytical studies have been carried out which assess individual 
mechanisms (Sacramento, Ferreira, Oliveira and Melo, 2012; Muttoni, 2009; Lips, Ruiz and 
Muttoni, 2012; and Polak, 2005), providing further understanding on their response, factors 
influencing their response as well as providing numerical and analytical methods capable of 
predicting them. These studies have been based on isolated slab specimens (slab-column 
connection sub-system) which are representations of the area of slab around the supporting 
column (Figure 1.3). The isolated slab specimen considers a slab area taken from the elastic line 
of contraflexion (which has been established to be at a distance of 0.22𝑙 from the column centre) 
to the column (Muttoni, 2008).  
 
Figure 1.3: Flat slab system and slab-column connection subsystem 
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For a system level response, it is important to understand interactions between these mechanisms. 
Models without one or more of these mechanisms may either give overly conservative or unsafe 
predictions of response of the subsystem or system response of the structure assessed. Some 
experimental studies have been conducted to assess response of scaled flat slab systems after 
column removal (Yi, Zhang and Kunnath, 2014; and Russell, Owen and Hajirasouliha, 2015). 
These tests aim to depict the response of flat slab structures after an initial local failure. However, 
limitations on specimen sizes, connection modelling as well as instrumentation, make it difficult 
to assess and measure mechanisms applicable to real structures. Details on these experimental 
studies and their contributions are elaborated in Section 2.24 of this thesis. 
Application of finite element analysis (FEA) in studies on response of flat slab systems (Liu, 
2014; and Olmati, Sagaseta, Cormie and Jones, 2017) have provided adequate prediction of 
responses up to the punching shear failure of a connection. In these studies, column removal 
scenario was adopted to simulate an initial local damage. The flat slab systems were modeled 
using shell finite elements, with punching shear failure determined at the connections using the 
failure criterion of the critical shear crack theory (CSCT) (Muttoni, 2008). Use of two 
dimensional FEA fails to adequately predict the contributions of post-punching shear and tensile 
membrane action beyond the punching shear failure of the first connections after column 
removal. These mechanisms are important in robustness considerations of flat slab structures. 
Hence, there is a need for numerical and analytical methods capable of predicting responses of 
flat slab structures at various levels of structural idealization. Simple formulae developed could 
be applied in design codes for guidance towards structural robustness of flat slab structures. 
1.3 Aim and objectives 
This research is aimed at developing novel analytical and numerical methods for progressive 
collapse analysis of reinforced concrete flat slab structures with a view to improving structural 
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robustness and the overall safety of such structures against loads experienced due to malevolent 
and accidental events. 
For realization of the stated aim, the following objectives will be achieved: 
i. Identify failure and post-failure mechanisms in flat slab structures, assess suitability 
of analytical and numerical methods available for their accurate prediction and their 
contributions to structural robustness in flat slab structures. 
ii. Develop and validate numerical quasi-static assessment approaches for the 
determination of slab-column connection response; taking into consideration 
flexural, punching shear, post-punching shear and membrane responses in both 
isolated slab specimens and continuous flat slab systems. The methods to be 
developed would contribute to; 
• understanding and prediction of slab-column connection responses under 
both symmetric and asymmetric loading and support conditions, 
• and understanding of the interaction among the various mechanisms under 
both symmetric and asymmetric loading at a connection sub-system level. 
iii. Develop and verify a numerical model for dynamic assessment of progressive 
collapse of flat slab structures at a system level. This would contribute to; 
• understanding of behavior of flat slab systems after an initial local failure, 
considering dynamic loading and its influence on the various mechanisms 
developed and their interactions, 
• the verification of proposed simplified theoretical models for the progressive 
collapse assessment of flat slabs at various levels of structural idealization. 
iv. Develop simple theoretical models for nonlinear static and dynamic analysis of 
potential progressive collapse of flat slab structures at a subsystem and flat slab 
system levels, to assess whether progressive collapse is arrested. 
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v. Apply developed models to real cases of flat slab design, towards discussing 
structural robustness of flat slab structures and the influence of some detailing 
considerations (such as the use of integrity reinforcement at the slab-column 
connection). 
1.4 Overview of thesis 
Chapter one of this thesis highlights the need and significance of this research. It presents the 
stated aims and objectives as well as the contributions of this study. Overview of succeeding 
chapters and their contributions are as stated below. 
Chapter two presents a review of the related literature used to develop the proposed methods 
for progressive collapse analysis. It presents a concise introduction to the concept of robustness 
and progressive collapse, as well as a detailed review of general recommendations on structural 
robustness available in design codes and guidelines. Recommendations specific to flat slab 
structures and implications of such recommendations are highlighted. Possible mechanisms 
activated in the response of flat slab structures after an initial local failure are identified and 
available formulae, numerical and analytical models available for their predictions are 
highlighted and discussed. 
In Chapter three, numerical and novel analytical strength prediction models based on the 
mechanisms activated after punching shear failure were developed for symmetrically loaded 
isolated slab test specimens available in the literature. These models were further enhanced for 
the application to asymmetric cases which tend to develop after loss of an internal column. 
Validation of analytical and numerical models were carried out through comparisons with 
experimental results obtained from the literature. The numerical model contributed to the 
understanding of post-punching response especially for asymmetric cases where experimental 
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cases do not exist and for the verification of analytical models for both symmetric and 
asymmetric cases.  
Chapter four deals with the numerical modelling of the dynamic response of slabs after the 
sudden loss of an internal column. Firstly, numerical dynamic responses of slab-column 
connections were validated using high mass- low velocity drop weight impact tests available in 
the literature. A analytical-numerical approach was introduced for the numerical prediction of 
the response of slabs subjected to drop weight impact. The validated numerical model was 
applied to the dynamic numerical assessment of a flat slab system with varying levels of gravity 
loading. The numerical flat slab system model provided insight on the dynamic response of flat 
slab systems taking into considerations load redistribution, mechanisms developed and failure 
propagation. The numerical modelling of the flat slab system provided a basis for the validation 
of the proposed flat slab system model. 
Chapter five covers the analytical modelling of progressive collapse after sudden column 
removal. Parameters influencing the response of flat slab connections after loss of an internal 
column were identified and assessed. A simple novel technique to assess the static and dynamic 
nonlinear response of adjoining connections after the sudden loss of an internal column was 
proposed based on the Critical Shear Crack Theory (CSCT) (Muttoni, 2008) and Ductility-
Centred Robustness Assessment (DRA) framework (Izzuddin, Vlassis, Elghazouli, & Nethercot, 
2008). To assess the influence of load redistribution and horizontal failure propagation, under 
the influence of punching shear, post-punching shear and membrane actions, a more detailed 
analytical approach was proposed in this chapter. The results from the proposed analytical 
methods were verified with those from the numerical approaches validated in Chapter 4. 
Chapter six highlights the implications of recommendations of design codes, guidelines and 
regulations towards achieving structural robustness of flat slab structures, using the models 
developed in Chapters 3, 4 and 5. The role of integrity reinforcement and their recommended 
Chapter 1 
12 
areas are assessed in this chapter. The likelihood of punching shear failure is discussed based on 
different case studies, and the progressive collapse in structures designed using code 
recommended guidelines is analysed. 
Finally, Chapter seven draws conclusion on the present study. It highlights the main results, 
conclusions and recommended future research. 
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2.1 Introduction 
Reinforced concrete slab-column connections are generally more susceptible to failure at low 
deformations and at dynamic loads resulting from accidental events than other forms of 
structures. Susceptibility of flat slab structures to punching shear failure at small deformations 
make them prone to progressive collapse and limits the effectiveness of code recommendations 
on vertical and horizontal ties, when applied to flat slab structures (DCLG, 2011). Progressive 
collapse of flat slab structures is discussed in this chapter including the mechanisms influencing 
the response of flat slab structures at small and large deformations; influence of dynamic loading 
and experimental tests. Numerical and analytical models available in literature for prediction of 
flat slab system response are also discussed. Finally, code recommendations on robustness of 
flat slab structures are assessed. 
2.2 Progressive collapse of flat slab structures 
2.2.1  Relevant definitions 
Progressive collapse is a term used to describe a process where the failure of a structural 
component progresses over adjoining components. However, if an abnormal event leads to the 
partial or total collapse of a structure and the extent of this collapse is in disproportion to the 
abnormal event based on stated design objective, such a collapse is termed a disproportionate 
collapse (Starossek, 2009; and Starossek et al., 2011). Table 2.1 presents some definition of 
progressive and disproportionate collapse provided in literature. Table 2.1 shows that the terms 
progressive and disproportionate collapse are most often used inter-changeably. 
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Table 2.1:    Definitions of Progressive Collapse 
Source Definition 
ASCE SEI 7 
(ASCE, 2010) 
“Progressive collapse is defined as the spread of an initial local failure 
from element to element, resulting eventually in the collapse of an entire 
structure or a disproportionally large part of it.” 
GSA (2016) “Progressive collapse is defined as an extent of damage or collapse that 
is disproportionate to the magnitude of the initiating event.” 
HMG (2013) Disproportionate collapse: “The building shall be constructed so that in 
the event of an accident the building will not suffer collapse to an extent 
disproportionate to the cause.” 
DCLG (2011) “A progressive collapse is one which develops in a progressive manner 
akin to the collapse of a row of dominos.” 
 “A disproportionate collapse is one which is judged (by some measure 
defined by the observer) to be disproportionate to the initial cause.” 
 
2.2.2  Types of progressive collapse 
Different types of progressive collapse exist. They are basically classified based on the direction 
of failure propagation relative to the direction of principal force acting in the elements failing. 
They include pancake-type, zipper type, domino-type, section-type, instability-type and mixed-
type progressive collapse (Starossek, 2009). Pancake-type and the zipper-type are quite common 
in flat slab structures.  Pancake-type would involve a structural element falling on lower lying 
ones, triggering its failure with the sequence repeating with other lower lying elements. Failure 
propagation is in the vertical direction. The Sampoong Departmental Store disaster and the 2000 
Commonwealth Avenue flat slab buildings experienced the pancake-type progressive collapse. 
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Unlike the pancake-type failure where direction of failure propagation and direction of principal 
force in failing elements are the same (most often in direction of gravity), the zipper-type 
collapse has both directions acting perpendicularly to themselves. Failure propagation tends to 
be in the horizontal direction. Punching of adjacent slab-column connections after an initial 
punching as observed in the Pipers Row Car Park partial collapse is an example of a zipper-type 
progressive collapse.  
2.2.3  Local and global response of flat slab system 
The occurrence of accidental and malevolent events, such as explosions and impact of moving 
objects on structures, could have a pronounce impact on structures. They could lead to local 
failure of structural elements in contact or in close proximity to the events (Figure 2.1a). Pressure 
wave loading due to explosion in office, commercial or residential buildings could impose 
abnormal loads on the building which were not considered during design. The same could be 
said of impact of falling objects during construction or objects propelled by explosions. Cases of 
localised failure of reinforced concrete slabs after explosions and impact have been assessed 
experimentally (Delhomme et al., 2005; Silva and Lu, 2009; Chen and May, 2009; Giovino et 
al., 2014; and Xiao, Li and Fujikake, 2017), analytically (Micallef et al., 2014; and Olmati et al., 
2017) and numerically (Delhomme et al., 2007; Xu and Yong, 2016; and Ulaeto and Sagaseta, 
2017).  
Global response of flat slab structures after the occurrence of accidental or malevolent events 
results due to the transfer of dynamic impulse through the structure or instability caused by the 
damage of a structural element, which may trigger further collapse to a scale larger than the 
initial accidental event. Dynamic amplification of gravity loads applied on the structure (dead 
𝑔𝑘 + imposed 𝑞𝑘 loads), also contributes to the global response of the flat slab structure. This 
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phenomenon increases the demand on slab-column connections and their susceptibility to 
punching shear failure.  
 
Figure 2.1: Local and global response of flat slabs (a) local impulsive failure due to 
blast and impact; (b) global response with possible punching shear failure of connections 
(Sagaseta et al., 2017)  
Knowledge of the general characteristics of accidental events is necessary in robustness design 
of structures (Ellingwood, 2006). However, due to the inability of designers to foresee and design 
for the various forms of accidental load a structure may experience during its use, scenario 
independent approaches such as the sudden removal of vertical load bearing members, are 
adopted in the assessment of robustness of structures (Starossek & Wolff, 2005). Scenario 
independent approaches neglect the actual accidental event but focuses on the response of the 
structure after possible damage to critical structural elements. Hence, allowing to quantify 
alternative load paths to demonstrate robustness in the structure. 
2.2.4  Tests on progressive collapse response of flat slab systems 
Yi et al. (2014) 
Yi et al. (2014) presented half scaled tests of two flat slab systems to assess their static collapse 
response. Each system comprised of two bays spanning 2.564 m in both orthogonal directions 
(Figure 2.2). The flat slab specimens were 90 mm thick and supported on 213mm square 
columns. The first test assessed flat slab system response after the static removal of an internal 
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column (obtained by lowering the mechanical jack on which the column is supported) and under 
a uniform area load of 20.5 KNm-2, which was gradually applied in six steps. After each loading 
step the internal support was gradually released until all the load applied was borne by the slab, 
without the internal support. Tests on the second specimen involved the assessment of collapse 
response of the flat slab system after the gradual removal of an edge and a corner support at 
different occasions.  
 
Figure 2.2: Slab specimen details (Yi et al., 2014) 
Concrete with compressive strength of 39.5 MPa at 28 days was used and steel reinforcement 
had yield and tensile strengths of 452 MPa and 589 MPa respectively. Hogging reinforcement 
comprised of 6.5 mm diameter bars provided at 70 mm centre to centre while the sagging 
reinforcement comprised of 6.5 mm diameter bars provided at 150 mm centre to centre. No 
punching shear reinforcement was provided. 
Findings from tests by Yi et al. (2014) confirmed the contributions of compressive and tensile 
membrane action to the response of flat slab systems after the removal of an internal column. 
These mechanisms enabled the flat slab system to sustain twice the design load. Such high 
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residual strength results because tensile membrane action is not taken into consideration in the 
ultimate limit state design of structures. Tensile membrane action developed without the 
punching shear failure of the slab specimens though punching shear reinforcement was not 
provided. This may be due to the high slenderness of the slab test specimens due to scaling and 
low percentage of hogging reinforcement provided. Influence of these factors on the response of 
slab-column connections is discussed in Section 5.2.3 of this thesis. 
Results also showed the flat slab system to be more vulnerable to the removal of exterior or 
corner columns because the slab collapse resistance in these cases were less than twice the design 
load that was sustained in the cases of removal of an interior column. This is due to less 
horizontal confinement around edge and corner connections relative to those around interior 
connections. Detailed description of the test set-up, material properties and report on results are 
provided in Yi et al. (2014). 
Russell, Owen and Hajirasouliha (2015) 
Russell, Owen and Hajirasouliha (2015) carried out tests on seven 1/3 scaled simplified flat slab 
structures (Figure 2.3) to assess dynamic load and displacement amplifications after the sudden 
loss of a column in a flat slab structure. The slab specimens were 80 mm thick. In the tests, the 
removal of a corner, penultimate edge or an internal edge column were investigated under static 
and dynamic modes. For dynamic tests, a temporary support was adopted which comprised of a 
vertical bar which rested on a bottom plated, supported on a load cell and steel rollers. This 
allowed for easy removal of the support. 
The slab specimens were supported on 135x135x25 mm steel plates which were only restrained 
in the downward vertical direction. Hence, connections allowed for rotation and uplift. Concrete 
strength of slabs used in the tests ranged between 24.4 MPa and 37.1 MPa. Percentage of hogging 
reinforcement provided at the internal supports was 0.21% in both orthogonal directions. At other 
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areas of the slabs, the percentage of flexural reinforcement provided was 0.18%. No shear 
reinforcement was provided. Area loads of 3.0, 6.8 and 7.7 kNm-2 were adopted for the sudden 
column removal tests.     
Results showed that the support removal time for the various tests ranged between 39 and 57 ms. 
Progressive collapse was observed to occur after the punching shear failure of some connections. 
Maximum strain rates in the steel reinforcement for the dynamic tests were reported to be less 
than 0.35 s-1. A maximum increase in displacement of about 50% was reported between the static 
and dynamic tests which showed that the common design recommendation of a load increase of 
2.0 was conservative. Detailed description of the test set-up, material properties and report on 
results are provided in Russell, Owen and Hajirasouliha (2015). 
 
Figure 2.3: Specimen details (a) corner and penultimate support removal tests (b) 
middle support removal test (Russell et al., 2015) 
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Xue et al. (2018)  
Xue et al. (2018) carried out static interior column removal tests on two flat slab systems to 
assess the influence of area gravity load (supported by the slab) and concentrated load 
(transferred to interior slab-column connection from upper lying slabs) on load transfer and 
collapse resistance of the flat slab systems. Flat slab system assessed was extracted from the first 
floor of a 4-story car park designed in accordance to the Australian Concrete Standard, AS 3600 
(AS, 2009). The flat slab system had two spans in each orthogonal direction, with length 2000 
mm (Figure 2.4). The slab specimens were 90 mm thick and supported on columns with cross 
sections 150x150 mm. Specimens were cast using concrete with strength 32 MPa and 8mm 
reinforcement bars with yield strength 500 MPa. Percentage reinforcement provided at the 
column strip was 0.489% at the top and 0.237% at the bottom. Other areas of the slab specimen 
had percentage reinforcement of 0.237% provided. A design live load of 5 kNm-2 was gradually 
applied on the slab, after which the interior connection was displaced downwards to a 
displacement of about 500 mm.  
Xue et al. (2018) identified flexural action, tensile membrane action, one-way catenary and the 
dowelling actions of steel rebar to be the main load resisting mechanisms. No contribution of 
compressive membrane action was reported. Compressive membrane action probably failed to 
develop due to insufficient lateral restraint at the exterior connections. Punching shear failure 
was observed to occur at the point of column loss due to the displacement load applied at the 
interior connection. Three-dimensional tensile membrane action developed in steel 
reinforcements around connections was found to contribute to connection capacity after 
punching. Detailed description of the test set-up, material properties and report on results are 
provided in Xue et al. (2018). 
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Figure 2.4: Slab specimen details (Xue et al., 2018) 
2.2.5  Numerical analysis of progressive collapse of flat slab systems 
Researches by Keyvani, Sasani and Mirzaei (2014), Liu (2014) and Olmati et al. (2017) adopted 
numerical procedures of assessment of robustness of multi-story flat slab structures. Keyvani, 
Sasani and Mirzaei (2014) adopted a flat slab system with three bays in each orthagonal direction 
and designed to the requirements of the ACI 318 (ACI, 2011a). Liu (2014) adopted a four-story 
prototype structure designed for the purpose of the study and in conformance to the ACI 318 
(ACI, 1971) guidelines. Olmati et al. (2017) adopted a Eurocode 2 (CEN, 2014b) design solution 
of an existing four-story office building provided in Technical Report 64 of The Concrete Society 
(2007). All slab cases were modelled using two-dimensional layered shell elements. 
Keyvani, Sasani and Mirzaei (2014) 
A numerical assessment of progressive collapse of a flat slab floor system was carried out by 
Keyvani, Sasani and Mirzaei (2014). The flat slab system was designed to satisfy the 
requirements of the ACI 318 (ACI, 2011a). The flat slab bay consisted of three rectangular 
interior panels (8 m by 6 m as shown in Figure 2.5), and a cantilever panel of length 1m at each 
end. The slab was 0.28 m thick and was supported on square columns, 0.3 m wide. Design of the 
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flat slab for the ultimate limit state was based on a design load of 13.1 kNm-2. A reduction factor 
of 0.59 was applied to the live load for design of the internal columns (Keyvani et al., 2014). 
Percentages of flexural reinforcement provided over internal columns were 0.51% and 0.3% in 
the longitudinal and transverse directions respectively. No punching shear reinforcement was 
provided. Finally, in each orthogonal direction, two integrity reinforcement bars with diameters 
22 mm, were designed in compliance to the ACI 352.1R (ACI, 2011b). Sudden removal of the 
internal column B3 (Figure 2.5) was carried out with a slab load combination of 𝑔𝑘 + 0.25𝑞𝑘 
(GSA, 2016) which gave a total gravity load of 9.2 kNm-2 (Keyvani et al., 2014). 
 
Figure 2.5: Slab geometry (Keyvani et al., 2014) 
Though modelling of this flat slab floor system was implemented on the finite element solver 
Abaqus, load-deformation models adopted for flexural, punching and post-punching shear 
responses were obtained analytically. At each connection, punching shear cones were modelled 
separately from the slab. The slab and each punching cone were attached using eight three-
dimensional Cartesian-Cardan connector elements. These connectors contribute 85% of the 
punching shear strength while 15% was attributed to dowelling action of explicitly modelled 
rebars also connecting the punching cone to the slab. Post-punching shear response of 
connections were modelled by assigning concrete breakage strengths calculated analytically, to 
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Cartesian-Cardan connectors which connected rebars to concrete slab and punching cones at 
locations expected to depict progression of their post-punching response.  
Accuracy of this approach is only as good as its theoretical assumptions. It is also difficult to 
apply; firstly, due to the need to align connecting nodes of reinforcements, slab and punching 
shear cone at appropriate depths and distances from the punching shear cone; and secondly due 
to the calculation and application of break out strength of each connector, based on its distance 
from the column as well as its position along the slab or punching cone depth. The approach 
adopted by Keyvani, Sasani and Mirzaei (2014) does not give a basis for interaction between 
asymmetric punching shear and compressive membrane action. Determination of strength-
deformation relationships becomes problematic for the latter stages of the analysis since slab 
deformation around adjoining connections must be known prior to initiation of analysis for 
calculation of their punching shear and post-punching shear capacities. 
Liu (2014) 
Liu (2014) carried out a numerical investigation into the response of a three-story flat slab 
structure after the sudden loss of exterior and interior columns. The design of the flat slab system 
was carried out in accordance to the ACI 318 (ACI, 1971). The structure consisted of four square 
panels, with a 6 m span in each orthogonal direction (Figure 2.6). The characteristic compressive 
strength for concrete and yield strength of steel used were 27.6 MPa and 427.5 MPa respectively. 
The dead and live loads used for the ultimate limit state were 5.446 kNm-2 and 2.4 kNm-2 
respectively. The percentage of designed flexural reinforcement provided over the internal 
supports was 0.64%. Compression reinforcement was also provided at the connections but their 
contribution in post-punching were neglected due to the inadequacy of their anchorage at the 
connections (Liu, 2014). Slab-column connections were modelled using two connector beam 
elements at each column side. The failure criterion of the Critical Shear Crack Theory (CSCT) 
(Muttoni, 2008) was used to determine the rotation at which punching shear failure was expected 
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to occur. Post-punching shear response of connections were ignored, since it was assumed that 
this mechanism had negligible influence on the actual response. Results of dynamic analysis 
using the DoD (2016) guidelines showed punching of adjacent connections to occur after sudden 
column removal of internal and exterior columns. Failure was also observed to be propagated 
both vertically and horizontally, leading to the progressive collapse of the modelled structure.  
 
Figure 2.6: Slab geometry (Liu, 2014) 
Liu (2014)  adopted a slab rotation of 0.022 radians around the interior slab-column connection 
as the rotation at which punching shear failure was deemed to have occurred. No information 
was provided on how asymmetric punching shear failure was taken into consideration. 
Assessment without the consideration of the post-punching shear response could under-estimate 
slab system response in flat slab systems with well anchored area of integrity reinforcement 
passing through the column core. 
Olmati et al. (2017) 
Olmati et al. (2017) adopted the design solution of an existing four-story flat slab office building 
described in Technical Report 64 of The Concrete Society (2007) in a numerical model to assess 
the response of a flat slab structure after an initial local failure. The structure was designed using 
the Eurocode 2 (CEN, 2014b). As shown in Figure 2.7, the slab consisted of irregular spans, 
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supported on 0.4m wide square columns. The slab had a thickness of 0.3m and a characteristic 
cylinder compressive strength of 30 MPa at 28days. This gave an average strength of 36 MPa 
considering a combined strength and aging factor of 1.2. Reinforcing steel bars had characteristic 
strength of 500 MPa and were provided such that the percentages of reinforcement over the 
internal column were 0.96% and 1.27% in the x and y directions respectively. The first perimeter 
of punching shear reinforcement around the column consisted of 12 legs of 0.01 m diameter bars. 
These gave a total punching shear reinforcement area (𝐴𝑠𝑤) of 948 mm
2 per perimeter. Total 
dead load adopted for design was 484.5 kN and live load, 226.8 kN. Total design load added up 
to 947.6 kN. Further details on design characteristics of this flat slab case are available in The 
Concrete Society (2007).  
Numerical model of Olmati et al. (2017) had the slab-shell elements directly connected to the 
column at the connections. Automatic disconnection of connections at punching was not 
modelled. After the numerical analysis, load-rotation response of the slab around adjacent 
connections were obtained. Analyses of the load-rotation responses with the calculated failure 
criteria (Muttoni, 2008) provided information on whether the adjacent connections had punched, 
after the sudden column removal. Sudden removal of an internal column under quasi-permanent 
and frequent load combinations as required by the Eurocode 0 (CEN, 2010a) gave no punching 
shear failure at the adjacent connections.  
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Figure 2.7: Slab geometry (The Concrete Society, 2007) 
The numerical approach adopted by Olmati et al. (2017) provides limited information on the 
propagation of failure in a flat slab structure after the sudden removal of an internal column. 
Information was only obtained on flexural and compressive membrane actions of the flat slab 
system prior to the punching shear failure of the connection closest to the removed column. After 
the punching shear failure of the column closest to that which was removed, horizontal and 
vertical collapse propagation could not be assessed using this approach.  
To adequately model flat slab system response numerically after local failure, it is important to 
adequately take into consideration mechanisms developed during response (flexural, punching 
shear, post-punching shear, compressive membrane action and tensile membrane action) as well 
as their possible influence on each other. However, due to limitations in the computing tools and 
time available, simplified slab system models are adopted which either considers a single stage 
of response or ignores certain mechanisms (Liu, 2014; and Olmati et al., 2017). In Chapter 4 of 
this thesis, a numerical model capable of simulating slab system response beyond failure of the 
connection closest to the removed column is proposed. The proposed numerical model takes into 
consideration connection flexural, punching shear, post-punching shear and tensile membrane 
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actions; gravity load redistribution; interaction of the various mechanisms; horizontal and 
vertical damage propagation.  
2.3 Mechanisms during progressive collapse of flat slab structures 
The ability to develop secondary load carrying mechanisms (to provide alternative load paths) 
after the occurrence of an initial local failure is a practical way to design for robust structures, 
although other approaches such as key element design and/or segmentation are also possible in 
practice to design against accidental actions. For flat slab structures possible secondary 
mechanisms which could develop after the occurrence of an initial local failure include residual 
strength in the connection after punching; flexural action and punching shear failure of adjacent 
slab-column connections (Figure 2.8); compressive membrane action (CMA) and tensile 
membrane action (TMA) (Figure 2.9); and possibly vierendeel action (Figure 2.10) (Adam, 
Parisi, Sagaseta, & Lu, 2018). These mechanisms help in the redistribution of forces in the 
structure after the occurrence of an accidental action. As shown in Figure 2.8, under normal 
design loading conditions, slab-column connections are under flexural and compressive 
membrane action until their punching shear failure. After punching shear failure, post-punching 
action develops as also shown described in Figure 2.8. The behaviour of slabs after the 
occurrence of initial local failure has been described by Mitchell and Willliam (1984) to be 
dependent on the amount and arrangement of steel reinforcement, vertical support conditions 
and panel edge horizontal restraint conditions. These slab characteristics influence the 
development of these mechanisms. The idealised response of an interior flat slab panel is as 
shown in Figure 2.9. At the response phase A-B the slab under goes flexural and compressive 
membrane response which culminates in punching shear failure at B. At phase B-C a sudden 
drop from the punching shear capacity to the residual capacity after punching is experienced due 
to punching shear failure. At the phase C-D sustenance of further load is dependent upon post-
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punching shear and tensile membrane capacity. These mechanisms are discussed in further 
details in the following subsections. 
 
Figure 2.8: Flexural, punching shear and post-punching shear response of slab-column 
connections 
 
Figure 2.9: Load-deflection response of interior flat slab panel from CMA to TMA 
(Adapted from Mitchell and Cook, 1984)  
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Figure 2.10: Vierendeel action due to moment capacity in beam/column connections 
(Adapted from DCLG, 2011) 
2.3.1 Punching shear 
Talbot (1913) carried out the first experimental assessment on punching shear after which he 
proposed a simple formula to estimate the critical shear stress around a fictitious control 
perimeter. This pioneering experimental investigation involved about 200 footings of walls and 
columns where 20 failed due to punching shear. Since then, several works have been carried out 
on the punching resistance of slabs. Since Talbot, several analytical models for the prediction of 
punching shear strength have been developed. A review of the various analytical models for 
punching shear strength assessment of slabs led to the classification of these models based on 
similarities into families. One attempt of such classification is that of Koppitz, Kenel and Keller 
(2013) which is summarised in Figure 2.11. 
 
Figure 2.11: Classification of existing punching shear models (Koppitz et al., 2013) 
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Some relevant analytical models developed (Kinnunen and Nylander, 1960; Muttoni, 2008; and 
Ruiz and Muttoni, 2009) have been based on “sector models” which are actually meant to 
represent slab response at regions of internal slab-column connections. Through this approach, 
Kinnunen and Nylander (1960) demonstrated the dependence of punching shear strength on slab 
deformation which was measured in terms of its rotation, 𝜓. Muttoni and Schwartz (1991) found 
the punching shear strength to be inversely proportional to the width of the critical shear crack, 
where the critical crack is the primary inclined shear crack running from the compression end of 
the column-slab interface, to the tension end of slab. The width of the critical crack (𝑤𝑡ℎ) was 
also stated to be proportional to the rotation (𝜓) and slab thickness (𝑑) according to the 
relationship (Figure 2.12); 
𝑤𝑡ℎ = 𝜓𝑑 ... eqn. 2.1 
Muttoni (2008) proposed the Critical Shear Crack Theory (CSCT) in which the slab response at 
failure was assessed both in terms of shear strength, 𝑉𝑅, and rotation, 𝜓, through the application 
of a load rotation curve (Equation 2.3) and a failure criterion (Equation 2.2) as shown in Figure 
2.12. The intersection of both curves (Figure 2.12b) provides the punching shear strength of the 
slab-column connection and the rotation at which punching shear failure occurs. General form 
expressions of the failure criterion and the load rotation curve for slabs without shear 
reinforcements are: 
𝑉𝑅
𝑏0𝑑√𝑓𝑐
=
3 4⁄
1+15
𝜓.𝑑
𝑑𝑔0+𝑑𝑔
     ... eqn. 2.2 
𝜓 = 1.5.
𝑟𝑠
𝑑
.
𝑓𝑦𝑑
𝐸𝑠
. (
𝑚𝑠𝑑
𝑚𝑅𝑑
)1.5   ... eqn. 2.3 
respectively (Muttoni, 2008), where 𝑏𝑜 is the shear resisting control perimeter (at a distance 𝑑/2 
from the edge of the support assuming a uniform distribution of shear forces), 𝑑 is the shear 
resisting effective depth of the slab, 𝑓𝑐 is the compressive strength of concrete, 𝑑𝑔 is the 
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maximum aggregate size, 𝑑𝑔0 is the reference aggregate size (which has a value of 16mm), 𝑟𝑠 is 
the distance from column axis to line of contraflexure of radial bending moments, 𝑓𝑦𝑑 is the yield 
strength of flexural reinforcement, 𝐸𝑠 is modulus of elasticity of flexural steel, 𝑚𝑠𝑑 is average 
design moment per unit length and 𝑚𝑅𝑑 is the average flexural strength per unit length in the 
support strip. The critical shear crack theory is also applied to slabs with punching shear 
reinforcement in a similar way (Ruiz & Muttoni, 2009). The only difference being the inclusion 
of the shear contribution of punching reinforcement to the failure criterion parameter; 
𝑉𝑅 = 𝜂𝑐 . 𝑉𝑅𝑐 + 𝜂𝑠 . 𝑉𝑅𝑠  ... eqn. 2.4 
where 𝑉𝑅𝑐 is the punching shear resistance of the slab without shear reinforcement, 𝑉𝑅𝑠 is the 
punching shear resistance of punching shear reinforcement within the punching cone at yielding, 
𝜂𝑐 and 𝜂𝑠  are strength reduction factors. 
(a)  
 
(b)  
Figure 2.12: Application of the critical shear crack theory to reinforced concrete slabs 
with and without punching shear reinforcement (Ruiz & Muttoni, 2009) 
An analytical approach for non-axis symmetrical punching in flat slab structures which is based 
on the CSCT was presented by Sagaseta et al. (2011). Non-axis symmetrical punching refers to 
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the punching shear failure of a connection with uneven distribution of shear and moment around 
the connection. The proposed approach (Sagaseta et al., 2011) considered non-uniform shear 
strength distribution per unit length along the control perimeter. This approach has been adopted 
in the Model Code 2010 (fib, 2012a) for the determination of the shear resisting control perimeter 
(𝑏0), 
𝑏0 =
𝑉𝐸𝑑
𝑣𝑝𝑒𝑟𝑝,𝑑,𝑚𝑎𝑥
  ... eqn. 2.5 
where, 𝑣𝑝𝑒𝑟𝑝,𝑑,𝑚𝑎𝑥  is the maximum value of the projection of shear force perpendicular to the 
basic control perimeter. The parameter 𝑘𝑒 is adopted by the Model Code 2010 (fib, 2012a) as a 
reduction factor for the control perimeter in the presence of column to slab moments and shear 
stress field concentrations. The parameter 𝑘𝑒 is given by the formula; 
𝑘𝑒 =
1
1+
𝑒𝑢
𝑏𝑢
⁄
   ... eqn. 2.6 
where, 𝑒𝑢 = |𝑀𝑑 𝑉𝑑⁄ |, is the eccentricity of the resultant shear force with respect to the centroid 
of the basic control perimeter, and 𝑏𝑢 is the diameter of the circle with the same area as the region 
inside the basic control perimeter. 
These analytical approaches reviewed above are important because the load–rotation (and load-
displacement) relationships are very valuable information for the assessment of progressive 
collapse either using the force or energy balance approaches. This is further explored in Chapter 
5. 
2.3.2 Material Strain Rate Effect  
Structural materials tend to experience increases in their mechanical properties (strengths in 
compression and tension, Young’s modulus of elasticity, shear modulus and fracture energy) 
when subjected to dynamic loading due to accidental actions such as explosions or impact from 
falling objects (Sasani, Bazan and Sagiroglu, 2007; Russell, Owen and Hajirasouliha, 2015; and 
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Sagaseta et al., 2017). Consideration of these enhancements in material properties improves the 
accuracy of predicted structural response in the event of dynamic loading. The Model Code 2010 
(fib, 2012b; and CEB, 1988) provides state of the art information on the influence of strain rate 
on their compressive and tensile properties. Figure 2.13a shows that the influence of strain rate 
on concrete compressive and tensile strength is small at strain rates below 10s-1 and increases 
significantly beyond this. Figure 2.13b shows that yield and tensile strength of reinforcing steel 
increases at fairly constant rates from low to high strain rates. 
 
Figure 2.13: Influence of material strain rate (a) concrete, (b) steel (fib, 2012b) 
The magnitude of the strain rate in the response of structures during progressive collapse varies 
at various location on the structure. Local regions on structures where strain rate effects are most 
pronounced include regions at close proximity to the accidental actions (as in cases of explosion 
and impact) as well as local regions such as connections that resist dynamic collapse forces. In 
cases of sudden column removal without the consideration of actual event, the duration of 
column removal as well as the level of gravity loading on the structure prior to removal 
significantly influences material strain rate (Russell et al., 2015). 
Also, in cases of sudden column removal in reinforced concrete structures, peak strain rates are 
observed some seconds after the sudden removal of columns (Sasani, Bazan and Sagiroglu, 2007; 
and Russell, Owen and Hajirasouliha, 2015). Maximum values of material strain rate have been 
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found to be between 10-2 and 10-1 in experimental studies based on full sized and scaled models 
of reinforced concrete structures (Sasani, Bazan and Sagiroglu, 2007; and Russell, Owen and 
Hajirasouliha, 2015). Hence, based on Figure 2.13, sudden column removal would lead to 
material strain rate enhancements below 30% of the quasi-static material strengths. 
2.3.3 Localised punching and strain rate effect 
The dynamic response of slab-column connections due to sudden displacement of the slab around 
the supporting columns could be assessed similarly as cases of localised low velocity drop-
weight impacts. Micallef, Sagaseta, Ruiz and Muttoni (2014) developed an analytical model 
capable of predicting the local and global response of slabs subjected to drop weight impact. The 
model has the CSCT discussed in Section 2.3.1 of this thesis as its basis with dynamic 
capabilities incorporated using mass-spring models. Similar to the CSCT, this model involves a 
dynamic load rotation curve plotted over a corresponding dynamic failure criterion curve. 
Modelling of the dynamic flexural response of slabs under drop weight impact was carried out 
using a two-phased mass-spring-dashpot model based on that developed by Delhomme et al. 
(2007). The two phases comprised of a contact and a post-contact phase as shown in Figure 2.14. 
 
Figure 2.14: Two-phase model: (a) Contact phase; (b) Post-contact phase. 
Taking into consideration strain rate dependent expressions for fracture toughness and aggregate 
interlock, dynamic failure criterion curves were developed for three values of strain rates (Figure 
2.15).  This was carried out by determining the total shear force that could be transferred by a 
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crack based on a discrete crack model, obtaining the maximum shear force for each value of 
rotation. Failure criteria for the values of strain rates assessed were: 
𝑉𝑅
𝑏𝑜𝑑𝑣√𝑓𝑐
=
0.8
1+
15𝜓𝑑
𝑑𝑔𝑜+𝑑𝑔
       𝑓𝑜𝑟 𝜀̇ = 10 𝑠⁄    ... eqn. 2.7 
𝑉𝑅
𝑏𝑜𝑑𝑣√𝑓𝑐
=
1
1+
15𝜓𝑑
𝑑𝑔𝑜+𝑑𝑔
       𝑓𝑜𝑟 𝜀̇ = 100 𝑠⁄    ... eqn. 2.8 
𝑉𝑅
𝑏𝑜𝑑𝑣√𝑓𝑐
=
1.3
1+
15𝜓𝑑
𝑑𝑔𝑜+𝑑𝑔
      𝑓𝑜𝑟 𝜀̇ = 300/𝑠   ... eqn. 2.9 
 
Figure 2.15: Influence of strain-rate on punching strength according to CSCT (Muttoni, 
2008; and Micallef et al., 2014) 
2.3.4 Compressive membrane action 
Compressive membrane action (CMA) results due to lateral forces acting along the plane of the 
slab. These lateral forces are due to slab in-plane dilatancy due to cracking and subsequent lateral 
restraints from adjoining elements such as shear walls, edge stiffening beams, pre-stressing or 
due to self-confinement by adjacent slab panels. Consideration of CMA in progressive collapse 
of flat slab structures is important since it tends to increase the cracking, flexural and punching 
shear strengths of flat slabs and gives a much stiffer response (Collings & Sagaseta, 2015). 
Ulaeto N.W. PhD Thesis 
37 
Application of CMA in numerical models of slab-column connections could be carried out 
through modelling of slab systems, incorporating the necessary boundary conditions. However, 
theoretical modelling of slab-column connections with consideration of CMA is not straight 
forward. Einpaul (2016) proposed the expression presented in Equation 2.10 for consideration 
of the influence of moment redistribution and CMA in column-slab connections. Equation 2.10 
is based on the simplified load-rotation relationship of the critical shear crack theory. 
𝜓𝑠𝑐 = (1 −
2𝑚𝑐𝑟
𝑚𝑅.ℎ𝑜𝑔
)𝜓   ... eqn. 2.10 
Where 𝜓𝑠𝑐 is the rotation close to the connection for a self-confined slab, 𝑚𝑐𝑟 is the cracking 
moment per unit width of slab (𝑚𝑐𝑟 = 𝑓𝑐𝑡ℎ
2/6), 𝑚𝑅.ℎ𝑜𝑔 is the hogging moment per unit slab 
width and 𝜓 is the rotation close to the connection obtained using Equation 2.3. Equation 
2.10𝜓𝑠𝑐 = (1 −
2𝑚𝑐𝑟
𝑚𝑅.ℎ𝑜𝑔
)𝜓   ... eqn. 2.10 considers compressive membrane forces 
developed due to slab expansion as flexural cracks develop around the connection. It does not 
directly take into consideration membrane forces developed as the slab and its supports resist 
slab displacement. 
The effects of compressive membrane action have been found to be significant in cases of 
internal column removal due to restraint dilatancy at the point of column loss as well as at the 
adjacent connections (Keyvani et al., 2014). After the sudden removal of an internal column, 
Keyvani, Sasani and Mirzaei (2014) noted compressive membrane forces of about 700kNm-1 at 
the adjacent connection of a flat slab with span 12 metres. Compressive membrane action was 
reported to have contributed to the resistance of progressive collapse after the sudden removal 
of an internal column in a flat slab system with the internal supports horizontally restrained 
(Keyvani et al., 2014). Olmati et al. (2017) reported a compressive membrane force of 550kNm-
1 at an adjacent column. As the slab central deflection (𝑤𝑐𝑡𝑟) increases to approximately the slab 
overall depth (ℎ), compressive membrane forces at adjacent connections decrease significantly 
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before the development of tensile membrane forces, as explained for phase C-D of Figure 2.9. 
Tensile membrane action is discussed in Section 2.3.6 of this thesis. 
2.3.5 Vierendeel Action 
Vierendeel action (Figure 2.10) is a global structural frame response where interaction between 
beams and columns contribute to the redistribution of gravity load away from an area of local 
failure. Under vierendeel action, beams tend to experience relative vertical displacements 
between their ends as well as double-curvature deformation (Sasani et al., 2007). Columns also 
tend to undergo significant rotations to develop vierendeel action.  
Vierendeel action has been experimentally proven to be an effective means of improving 
robustness of beam-column framed structures (Sasani et al., 2007). A three-dimensional 
vierendeel frame action was credited for the transfer of about 61% of the total axial loads from 
damaged columns on the third floor of the Murrah Federal Building to surrounding columns on 
lower floors, after an analytical assessment (Kazemi-moghaddam & Sasani, 2015). Ellingwood 
et al. (2007) stated that moment frames designed to resist lateral loads already possess essential 
requirements to develop vierendeel action after the loss of a column. Ellingwood et al. (2007) 
also emphasized that consideration must also be given to the location of the initiating event, 
forces developed and possible retrofitting of portions of the structure. However, the possibility 
of development of vierendeel action as a progressive collapse resisting mechanism in flat slabs 
structures has not been confirmed. Sensitivity of slab-column connections to unbalanced 
moments and shear makes the development of this mechanism in flat slab structures 
questionable. Punching is likely to occur at the connections for the large rotations needed to 
develop vierendeel action. Therefore, this mechanism was not considered in this work. 
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2.3.6 Tensile membrane action 
Park (1964) noted that tensile membrane action increased the ultimate resistance and 
deformation capacity of reinforced concrete slab structures. After small-scale and “damaged-
structure” tests, Regan (1975) concluded that for adequate development of tensile membrane 
action in reinforced concrete structures, structural members should possess not only sufficient 
tensile strength, but also sufficient ductility. Park and Gamble (2000) noted that significant 
tensile membrane action (TMA) was only possible for slabs supported on beams or any other 
stiff form of support which provided it with edge restraint. Park (1964) also went on to derive 
Equation 2.11, based on the assumption that at the ultimate state of tensile membrane failure, the 
concrete section would have cracked throughout its depth, all reinforcement bars were in a plastic 
state of stress, strain hardening of steel reinforcement is neglected, and tensile membrane 
contribution was only from reinforcement bars that ran the length of slabs. 
𝑤𝑙𝑥
2
𝑇𝑥𝛿
=
𝜋3
4 ∑ (
1
𝑛3
)(−1)0.5(𝑛−1)(1−[𝑐𝑜𝑠ℎ (
𝑛𝜋𝑙𝑦
2𝑙𝑥
√
𝑇𝑥
𝑇𝑦
)]
−1
)∞𝑛=1,3,…
   ... eqn. 2.11 
In Equation 2.11, 𝑤 is the uniformly distributed load per unit area of the slab; 𝛿 is the central 
deflection corresponding to 𝑤; 𝑙𝑥 and 𝑙𝑦 are the clear span in the two orthogonal directions; 𝑇𝑥 
and 𝑇𝑦 are the yield force of the reinforcement per unit width, in the two orthogonal directions. 
For a square panel with equal percentages of reinforcement provided in the two orthogonal 
directions, the expression on the right side of Equation 2.11 is expected to have a value of 13.56.  
Hawkins and Mitchell (1979) provided a simplified iterative approach for slabs with in-plane 
restraint at their edges, assuming a circular deformation shape and a completely cracked concrete 
section. With Equations 2.12 to 2.14, the tensile membrane response of slabs could be 
determined. 
𝑤 =
2𝑇𝑥𝑠𝑖𝑛√6𝜀𝑥
𝑙𝑥
+
2𝑇𝑦𝑠𝑖𝑛√6𝜀𝑦
𝑙𝑦
  ... eqn. 2.12 
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𝜀𝑦 =
𝜀𝑥𝑙𝑥
2
𝑙𝑦
2   ... eqn. 2.13 
𝛿 =
3𝑙𝑥𝜀𝑥
2𝑠𝑖𝑛√6𝜀𝑥
  ... eqn. 2.14 
The parameter 𝑤 in Equation 2.12 represents the uniformly distributed load per unit area to be 
predicted; 𝛿 is the central deflection corresponding to the load, 𝑤; 𝑙𝑥, 𝑙𝑦 are the clear spans in 
the short and long directions, respectively. The parameters  𝑇𝑥 and 𝑇𝑦 are the forces in the 
reinforcement per unit length, in the x and y directions respectively, corresponding to the strains 
in the x and y directions, 𝜀𝑥 and 𝜀𝑦, respectively. 
 
Figure 2.16: Membrane mechanisms after interior column loss (DCLG, 2011) 
Mitchell and Cook (1984) stated that tensile membrane action could be activated in reinforced 
concrete flat slabs but only if the reinforcement was properly anchored and the slab experienced 
extremely large deflections. Adequately anchored reinforcement may allow the slab to hang from 
the columns, similarly as a tensile mat. Mitchell and Cook (1984) emphasised that through tensile 
membrane action, progressive collapse resistance can only be assured if the ultimate resistance 
is greater than that which brought about initial local failure. They also suggested that two-way 
slabs overloaded over their entire area were not capable of developing catenary action due to 
vertical displacements along column line, but if only a portion of such slabs were overloaded, 
the rest of the region of the slab would be capable of providing the required horizontal restraint 
for tensile membrane action (Figure 2.9 and Figure 2.16). Mitchell and Cook (1984) proposed 
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Equation 2.15 for the provision of bottom continuous reinforcement at slab column connections 
to aid the resistance of progressive collapse through a one-way catenary. 
𝐴𝑠𝑏 =
0.5𝑤𝑠𝑙𝑛𝑙2
Ф𝑓𝑦
  ... eqn. 2.15 
Where  𝐴𝑠𝑏 is the required area of bottom reinforcement going through the column in each 
principal direction, 𝑤𝑠 is the load to be carried after initial local failure, 𝑙𝑛 is the clear span, 𝑙2 is 
the distance from centreline of the panel on one side of the catenary to that on the other side, Ф 
is the reduction factor and 𝑓𝑦 is the yield stress of the bottom reinforcement. 
Gouverneur, Caspeele and Taerwe (2013) carried out an experimental investigation on the load-
displacement behaviour of a one-way restrained reinforced concrete slab under catenary action. 
Slab specimen was 160mm thick, 1800mm wide with a total length of 14.3m. The distance 
between the inner supports and the central support was 4m. This became 8m after the controlled 
removal of the central support. The controlled removal of the central support was carried out to 
simulate an accidental action. The slab specimen was pin supported at both the inner and central 
supports; and a line load applied along the cross-section at a distance of 2000mm from the inner 
supports. The slab was cast using concrete with compressive strength of 30MPa (cylinder 
strength) and 16 number 10mm diameter steel reinforcement bars, evenly distributed along the 
slab width and running in the longitudinal direction. Distribution bars consisted of 8mm diameter 
bars at 300mm spacing. A detailed description of the material and specimen characteristics, 
support and loading details are available in Gouverneur, Caspeele and Taerwe (2013). Test 
results showed that the removal of the central support did not cause the slab to fail. Also at large 
deflections, catenary action developed and the maximum capacity of the horizontally restrained 
specimen tested was observed to be 3 times the service load for the test system with the central 
support.  
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Botte et al. (2015) developed a two-dimensional numerical model to investigate the membrane 
behaviour of one-way reinforced concrete slabs. This numerical model was validated using the 
experiment carried out by Gouverneur, Caspeele and Taerwe (2013). With this validated 
numerical model, the influence of different parameters (such as span length, boundary 
conditions, slab thickness and reinforcement properties) on the development of membrane 
actions was investigated. Results of tests and numerical investigation showed that yield load 
increased with decreasing span length and slabs with perfect edge restraints were observed to 
give the highest resistance in compressive and tensile membrane action. Botte et al. (2015) also 
reported that thinner slabs led to higher capacities when tensile membrane action was activated 
and increases in the reinforcement ratio also led to increases in the ultimate carrying capacity of 
the slab strip. 
Development of TMA has been reported in one way slabs and two way slabs, that are vertically 
and horizontally restrained, at the longitudinal edges and at all four edges respectively (Park, 
1964; Hawkins and Mitchell, 1979; and Gouverneur, Caspeele and Taerwe, 2013). However, 
this is not often the case for flat slabs. For flat slabs, the rotation needed in order to resist gravity 
loads only by means of a pure TMA are significant, leading to punching at the connections. 
Figure 2.17 shows that the rotation where code recommended tie force values were met were 
unattainable without punching shear failure of the connection. Figure 2.17a shows that at 
punching shear failure of a connection of a slab case study due to a static frequent load 
combination (CEN, 2010a), 𝐷 + 0.5𝐿, a slab rotation of 0.22 radians is obtained. The tensile 
membrane force needed to resist this gravity load (𝐷 + 0.5𝐿), as shown in Figure 2.17b, prior to 
punching shear failure of the connection is 578kNm-1 and 680kNm-1 based on models of 
Hawkins and Mitchell (1979) and Park (1964) respectively (Sagaseta et al., 2017). Figure 2.17b 
also shows that tensile membrane forces developed in horizontal ties provided in accordance to 
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the requirements of the DoD (2013) and the UK National Annex (BSI, 2009) were more than 3 
times lower than that required, prior to punching shear failure.  
Therefore, in order to develop TMA after punching shear failure of the connection, anchorage 
of a minimum of two bottom reinforcement bars into column cores is recommended in some 
design codes (SIA, 2003; CSA, 2004; ACI, 2011; CEN, 2014; and fib, 2012a). This design 
recommendation will also enable the development of post-punching mechanisms, which take 
into consideration tensile membrane forces as well as deterioration of concrete around the 
connection as discussed in Section 2.3.7 and Chapter 3 of this thesis. 
 
Figure 2.17: Calculated membrane forces to resist gravity load; (a) Punching shear 
capacity (b) Tensile membrane capacity (Sagaseta et al., 2017) 
2.3.7 Post-punching shear mechanism 
After punching shear failure of slab-column connections, a punching shear cone develops around 
the column. Due to the action of the shear load at the connection, the slab separates from the 
punching shear cone as shown in Figure 2.18. This causes a total loss of concrete contribution, 
both in compression and through aggregate interlock. The only link between the punching shear 
cone and the slab are flexural and any existing integrity reinforcement (Figure 2.18). To transfer 
shear forces from slab to column, the slab drops until the reinforcement connecting the cone to 
the slab are sufficiently activated to resist total vertical collapse at the connection as shown in 
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Figure 2.18. Several authors including Hawkins and Mitchell (1979), Melo and Regan (1998) 
and Mirzaei (2010) have reported a small contribution of the flexural reinforcement to post-
punching strength. Tests carried out by Melo and Regan (1998), Habibi et al. (2012), Ruiz, 
Mirzaei and Muttoni (2013) and Peng (2015) show that slabs with flexural reinforcement only, 
could develop post-punching strength of up to 30% of the attained strength whereas those of 
slabs with both tensile and integrity reinforcements could be as high as 70%. 
 
Figure 2.18: Post-punching shear 
To accurately assess progressive collapse in flat slab structures, models adopted must be capable 
of effectively predicting post-punching shear response. Existing formulae for prediction of post-
punching shear strength have been based on rebar dowelling action, membrane force and 
breakage of concrete around rebar. Regan (1981) proposed Equation 2.16 for estimation of post-
punching resistance of integrity reinforcement provided in slab column connections. This 
relationship was based on the dowel equation of Rasmussen (1962). In Equation 2.16, 𝑉𝑝𝑝.𝑖𝑛𝑡 is 
the contribution of integrity reinforcement to post-punching shear resistance, Ф and 𝑓𝑠𝑦 are the 
diameter and yield stress of integrity reinforcement respectively and 𝑓𝑐 is the concrete 
compressive strength. 
𝑉𝑝𝑝.𝑖𝑛𝑡. = 1.2∑Ф
2√𝑓𝑠𝑦𝑓𝑐    ... eqn. 2.16 
Georgopoulos (1986) estimated the post-punching strength of compression reinforcement 
provided in slab-column connections. His prediction was also based on Rasmussen’s dowel 
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equation (Rasmussen, 1962), which is as shown in Equation 2.17. He estimated the angle of 
inclination of the reinforcing bars at failure using Equation 2.18𝑠𝑖𝑛𝜓𝑖𝑛𝑡 = 1.5√
𝑓𝑐
𝑓𝑠𝑦
 
 ... eqn. 2.18. 
𝑉𝐷𝑈 = 𝐵ɸ
2√𝑓𝑐𝑓𝑠𝑦  ... eqn. 2.17 
𝑠𝑖𝑛 𝜓𝑖𝑛𝑡 = 1.5√
𝑓𝑐
𝑓𝑠𝑦
  ... eqn. 2.18 
Where, 𝑒 is the eccentricity of the load and; 
      𝐵 = 𝐶(√1 + (𝜁𝐶)2 − 𝜁𝐶) 
𝜁 = 3
𝑒
ɸ
√
𝑓𝑐
𝑓𝑠𝑦
 
Melo and Regan (1998) carried out tests on 7 slab specimens after which they concluded that 
resistance formulae proposed by Georgopoulos (1986) were unrealistic. Melo and Regan (1998) 
recommended that response of bottom bars be considered like bars embedded in concrete at both 
ends crossing the critical punching shear crack. Using analytical break out principles provided 
in the American Concrete Institute code for nuclear safety related concrete structures, ACI 349 
(ACI, 1978), Melo and Regan (1998) treated the vertical components of forces in bottom bars as 
the pull-out load acting at the edge of the slab. This is as shown in Figure 2.19. Expressions for 
resistance of bottom reinforcement were developed for single and pairs of bars as given in 
Equations 2.19 and 2.20 respectively.  
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Figure 2.19: Horizontal projection of conical surfaces 
𝑉𝑅.𝑝𝑝 = 0.33√𝑓′𝑐 𝜋
𝑑𝑟𝑒𝑠
2
2
  ... eqn. 2.19 
𝑉𝑅.𝑝𝑝 = 0.33√𝑓′𝑐 𝜋
𝑑𝑟𝑒𝑠
2
2
− 𝐴1 ... eqn. 2.20 
 Where,  
𝐴1 =
𝛥
360
𝜋𝑑2 −
𝑠
4
𝑑𝑟𝑒𝑠 𝑠𝑖𝑛 𝛥 ... eqn. 2.21 
𝛥 = 𝑎𝑟𝑐 𝑐𝑜𝑠 (
𝑠
2𝑑𝑟𝑒𝑠
)   ... eqn. 2.22 
Equations 2.19 and 2.20 were found to give accurate predictions of the peak post-punching shear 
strength when compared to test results (Melo & Regan, 1998). Rupture of bottom reinforcement 
was also identified as a mechanism capable of limiting the attainment of peak post-punching 
shear strength. Hence, Equation 2.23 was proposed as the limiting resistance due to rupture of 
bottom bars. The value, 0.44, in Equation 2.23 corresponds to an angle of inclination of 260 to 
the horizontal for the reinforcement at fracture.  
𝑉𝑅.𝑝𝑝.𝑟𝑢𝑝𝑡 = 0.44∑𝐴𝑠𝑓𝑦  ... eqn. 2.23 
Mirzaei (2010) and Ruiz, Mirzaei and Muttoni (2013) carried out 24 tests to study the post-
punching shear response of 125mm thick slab-column connections. Tests consisted of three 
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series. The first series was designed to investigate the effects of tensile reinforcement and the 
second assessed the contribution of integrity reinforcement and bent-up bars to post-punching 
shear strength. The third series assessed the influence of anchorage. With the use of these tests, 
Mirzaei (2010) developed an analytical post-punching model which was based on the break-out 
concrete strength of both flexural and integrity reinforcement.  This model adopted assumed 
progressive destruction of concrete over reinforcement bars as shown in Figure 2.20. For the 
section shown in Figure 2.20, the breakage strength of the embedded reinforcement was given 
by the expression; 
𝑉𝑐𝑜𝑛(𝑥) =
𝜋
2
(𝑥𝑡𝑎𝑛𝛼 𝑐𝑜𝑡𝛾)2𝑓𝑐𝑡.𝑒𝑓𝑓  ... eqn. 2.24 
Where 𝛼 is the angle of inclination of the punching shear cone to the horizontal and 𝛾 is the angle 
of the breakout cone. The effective concrete tensile strength, 𝑓𝑐𝑡.𝑒𝑓𝑓, was given by 𝑛𝐷𝑓𝑐𝑡, where 
𝑛𝐷 is a reduction factor which considers the variation of tensile stress from the edge of the bar 
to the surface of the slab. For an n number of bars, Equation 2.25 gives the total projected area 
developed. 
𝐴1 = 4 {[(𝛥 +
𝑛
2
(𝜋 − 2𝛥)] 𝑑𝑟𝑒𝑠
2 +
𝑛−1
2
𝑠𝑑𝑟𝑒𝑠 𝑠𝑖𝑛 𝛥}  ... eqn. 2.25 
 
Figure 2.20: Progressive destruction of concrete during post-punching (adapted from 
Mirzaei, 2010) 
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Mirzaei (2010) considered shear transfer from the slab to the column by accounting for the 
flexural and membrane responses of the reinforcement connecting them. Response at the elastic 
phase, assumed the development of curvature influenced zones, at the points of entry of the 
reinforcement into the punching cone and slab (Figure 2.20). This response was based on 
Equation 2.26; 
𝑉𝑠.𝐸𝑙𝑎𝑠. = 𝐴𝑏𝐸𝑠 𝑠𝑖𝑛 𝜓 + 𝑉𝐼 𝑐𝑜𝑠 𝜓 ... eqn. 2.26 
where, 𝐴𝑏 and 𝐸𝑠 are the cross-sectional area and elastic modulus of reinforcing bar respectively. 
𝑉𝐼 is the shear force at the reinforcing bar section considered. On development of plastic hinges 
close to the point of entry of rebar into the concrete cone and slab, Equation 2.27 was adopted 
rather than Equation 2.26. 
𝑉𝑠.𝑃𝑙𝑎𝑠. = 𝑁1 𝑠𝑖𝑛 𝜓 +
Ф3
3𝑙𝑟𝑒
𝑓𝑠𝑦 (1 −
𝑁1
2
𝑁𝑦
2) 𝑐𝑜𝑠
2𝜓 ... eqn. 2.27 
The parameters 𝑁1 and 𝑁𝑦 denote the axial forces in the rebar at a phase of response and at yield 
respectively. The parameter 𝑙𝑟𝑒 represents the exposed length of rebar. Strain and deflection at 
failure were considered using the Equations 2.28 and 2.29 respectively. 
𝜀𝑠𝑢 =
1
𝑐𝑜𝑠𝜓𝑚𝑎𝑥
− 1  ... eqn. 2.28 
𝑡𝑎𝑛 𝜓𝑢 =
𝑤𝑢
𝑙𝑟𝑒
   ... eqn. 2.29 
The analytical model proposed by Habibi, Cook and Mitchell (2014) for predicting post-
punching response of slab-column connections was similar to that of Mirzaei (2010). 
Assumption of a punching shear cone at inclinations of 45o to the horizontal from a distance of 
2𝑑 3⁄  from the top of the integrity reinforcement, and 14o to the horizontal beyond this point was 
adopted. In addition to this, only membrane response of reinforcing bars were considered, hence, 
limiting the expressions to; 
𝑉𝑠.𝑟𝑒𝑖𝑛𝑓. = 𝑁1 𝑠𝑖𝑛 𝜓  ... eqn. 2.30 
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One limitation in the application of analytical models developed by Habibi, Cook and Mitchell 
(2014) is the fact that the compatibility response is independent of the concrete breakage 
progression response. This model can only be applied independently if the parameter 𝑙𝑟𝑒 at a 
particular 𝑤𝑢 is already know, possibly from tests. Application of the model proposed by Mirzaei 
(2010) faces a similar problem since the axial force in rebar (𝑁1) needs to be assumed to calculate 
the shear resistance of rebars. 
Ruiz, Mirzaei and Muttoni (2013) proposed Equations 2.31 to 2.37 for the determination of the 
post-punching shear strength of slab column connections. Contributions of flexural and integrity 
reinforcements were taken into consideration. Theoretical basis for the development of the 
expressions were similar to those adopted by in the analytical model of Mirzaei (2010). 
𝑉𝑅,𝑝𝑝 = 𝑉𝑅,𝑝𝑝,𝑓𝑙𝑒𝑥. + 𝑉𝑅,𝑝𝑝,𝑖𝑛𝑡  ... eqn. 2.31 
𝑉𝑅,𝑝𝑝,𝑓𝑙𝑒𝑥. = 𝑛𝑏,𝑓𝑙𝑒𝑥 . 𝑓𝑐𝑡 . 𝑏𝑒𝑓 . 𝑙𝑒𝑓  ... eqn. 2.32 
𝑛𝑏,𝑓𝑙𝑒𝑥. = 4. 𝑛𝑎 = 4.
𝑐+2𝑑𝑐𝑜𝑡𝜃
𝑠𝑏
   ... eqn. 2.33 
𝑐𝑜𝑡𝜃 =
𝑐𝑜𝑡𝜃𝑡𝑜𝑝+𝑐𝑜𝑡𝜃𝑏𝑜𝑡𝑡𝑜𝑚
2
    ... eqn. 2.34 
𝑓𝑐𝑡 ≅ 0.5√𝑓𝑐     (𝑀𝑃𝑎)   ... eqn. 2.35 
𝑏𝑒𝑓 = 𝑚𝑖𝑛(𝑠𝑏 − 𝑑𝑏; 6𝑑𝑏; 4𝑐𝑏)  ... eqn. 2.36 
𝑙𝑒𝑓 = 2𝑑𝑏     ... eqn. 2.37 
In Equation 2.31, 𝑉𝑅,𝑝𝑝 is the post-punching shear strength of the slab-column connection, 
𝑉𝑅,𝑝𝑝,𝑓𝑙𝑒𝑥. is the contribution of tensile reinforcement given by Equation 2.32 and 𝑉𝑅,𝑝𝑝,𝑖𝑛𝑡 is the 
contribution of integrity reinforcement defined by Equation 2.38. Equations 2.32 to 2.37 express 
parameters with which 𝑉𝑅,𝑝𝑝,𝑓𝑙𝑒𝑥. is determined. Where 𝑛𝑏,𝑓𝑙𝑒𝑥. is the number of sections of 
flexural reinforcement activated in the post-punching phase, 𝑓𝑐𝑡 is the tensile strength of 
concrete, 𝑏𝑒𝑓 and 𝑙𝑒𝑓 are the effective width and length of concrete respectively, 𝑐 is the column 
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size, 𝑑 is the effect depth of the slab, 𝜃 is the average angle at the point where the flexural bars 
are activated, 𝑐𝑏 is the concrete cover, 𝑑𝑏 is the diameter of reinforcing bars, and 𝑠𝑏 is the spacing 
of reinforcement bars. Ruiz, Mirzaei and Muttoni (2013) noted that a value of 2.8 for 𝑐𝑜𝑡𝜃 gave 
good estimates of the number of flexural reinforcement activated in the post-punching 
mechanism. 
𝑉𝑅,𝑝𝑝,𝑖𝑛𝑡 ≤ 𝑓𝑐𝑡 . 𝐴𝑐,𝑒𝑓    ... eqn. 2.38 
𝐴𝑐,𝑒𝑓 = 𝑑𝑟𝑒𝑠. 𝑏𝑖𝑛𝑡    ... eqn. 2.39 
𝑏𝑖𝑛𝑡 = ∑(𝑠𝑏,𝑖𝑛𝑡 +
𝜋
2
𝑑𝑟𝑒𝑠)   ... eqn. 2.40 
As explained in the paragraph above, Equation 2.38 expresses the contribution of the integrity 
reinforcement to post punching, 𝑉𝑅,𝑝𝑝,𝑖𝑛𝑡. The parameter 𝐴𝑐,𝑒𝑓 is the effective concrete area and 
can be calculated using Equation 2.39; where 𝑑𝑟𝑒𝑠 is the residual effective depth of the slab. The 
residual effective depth, 𝑑𝑟𝑒𝑠, was described as the distance between centroids of flexural and 
integrity reinforcement layers. Equation 2.40 expresses 𝑏𝑖𝑛𝑡, which is the control perimeter 
activated by the integrity reinforcement. The parameter, 𝑠𝑏,𝑖𝑛𝑡 in Equation 2.40 represents the 
width of the group of bars considered in one direction. 
Assessment of progressive collapse of flat slab structures requires adequate prediction of the 
system post-punching shear response of the connections in the flat slab system. Consideration of 
the post-punching mechanism in the numerical analysis of progressive collapse of flat slabs 
structures is currently not possible since there exist no numerical approach for determination of 
post-punching shear response of slab-column connections. Application of existing analytical 
post-punching shear models to flat slab systems is also not possible because;  
• Information needed on some parameters in the analysis can only be obtained from tests 
or numerical analysis. 
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• Existing analytical models are based on assumption of a symmetric slab-column response 
in post-punching. This is not the case in progressive collapse of flat slab systems which 
is commonly assessed using the sudden column removal scenario. Uneven spans 
developed after the sudden removal of a column could lead to asymmetric punching shear 
and post-punching response of the adjoining connections. 
Chapter three of this thesis seeks to fill these gaps in literature through the development of 
numerical and analytical models which can independently predict post-punching response of 
slab-column connections for both symmetric and asymmetric cases. Results of existing models  
were also compared to those of the proposed model. 
2.3.8 Dynamic amplification of gravity load 
The dynamic assessment in the alternative load path approach for robustness design adopt 
different levels of approximation from the simplest of analysis (Static-linear elastic with a 
dynamic load factor), to the most complex (Dynamic-nonlinear analysis). Each level of 
simplification affects considerations on inertia effects, material strain rate and dynamic load 
amplifications.  
A dynamic load amplification factor, DAF (or the Dynamic Load Factor, DLF)  is usually applied 
to a dynamic load to convert it to an equivalent static load for a nonlinear static assessment. The 
application of the DAF requires the structure to be idealized as a single degree of freedom 
system. A DAF value of 2.0 is recommended in codes such as the UFC 4-023-03 (DoD, 2013) 
for concrete structures, assuming a linear response with no damping. A major drawback of 
assuming a constant value of DAF is its inability to account for influences of nonlinear 
deformations. The actual value of DAF is found to decrease with increasing ductility until tensile 
membrane action is activated (Izzuddin & Nethercot, 2009). Marchand, Stevens and McKay 
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(2008) proposed the relationships below to determine the DAF of a reinforced concrete framed 
structure, based on a known measure of ductility supply; 
𝐷𝐴𝐹 = 1.04 +
0.45
𝑚+0.48
   ... eqn. 2.41 
𝑚 =
𝑝𝑙𝑎𝑠𝑡𝑖𝑐 𝑑𝑒𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛
𝑦𝑖𝑒𝑙𝑑 𝑑𝑒𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛
=
𝑢𝑓
𝑢𝑦
− 1  ... eqn. 2.42 
where 𝑢𝑓 and 𝑢𝑦 are the displacements at failure and yield respectively. In an experimental 
assessment of the dynamic response of reinforced concrete slabs after sudden column loss, 
Russell, Owen and Hajirasouliha (2015) obtained a DAF of 1.5. Based on this finding, it was 
concluded that most conventional code design approaches for flat slabs maybe overly 
conservative and that further work was needed. Chapters 4, 5 and 6 of this thesis assesses the 
static and dynamic response of a flat slab system after an initial local failure, using both 
numerical and analytical models. Dynamic amplification of gravity load and its possible 
consideration in the arrest of progressive collapse was considered.  
2.4 Design against progressive collapse 
A structure could be subjected to a large number of abnormal events during its design life which 
may lead to progressive collapse. It is generally accepted that it is not feasible to design for every 
one of these events. Ellingwood (2006) and Ellingwood et al. (2007) amongst others described 
the probability of progressive collapse, P[C], due to an abnormal event to be represented as 
shown in Equation 2.43 by the product of partial probabilities of constituents.  
𝑃[𝐶] = 𝑃[𝐶/𝐿𝐷]. 𝑃[𝐿𝐷/𝐻]. 𝑃[𝐻]  ... eqn. 2.43 
Where 𝑃[𝐶/𝐿𝐷] is the conditional probability of progressive collapse 𝐶 due to a local failure 
𝐿𝐷, 𝑃[𝐿𝐷/𝐻] is the conditional probability of initiation of local failure 𝐿𝐷 due to an abnormal 
event 𝐻 and 𝑃[𝐻] is the probability that an abnormal event 𝐻 will occur. Though the probability 
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of progressive collapse can be very low, the human, social, economic, financial and political 
consequences cannot be underestimated (Brett & Lu, 2013). 
Therefore, various approaches adopted to limit the probability of progressive collapse could be 
classified into three categories which are; 
• prevention of occurrence of abnormal event, 
• prevention of initial local failure, and 
• prevention of failure propagation to adjoining components.  
The probability of occurrence of abnormal events could be limited through non-structural 
protective measures. Such measures include controlled access and entry points, barriers, 
adequate stand-off distance, and sacrificial elements (Starossek, 2009). These measures could 
also reduce the intensity of abnormal events on structures. Provision of a specific local resistance 
reduces the probability of initial local failure of components when subjected to abnormal events. 
It is mainly applied to critical components otherwise referred to as “key elements”, which are 
elements whose failure would lead to a disproportionate collapse (Ellingwood et al., 2007).  
Prevention of initial local failure propagation to adjoining components, adopted in design codes 
and regulations (such as CEN, 2014a; DoD, 2013; and GSA, 2016), can be achieved through 
direct, indirect or risk-based approaches (Ellingwood & Leyendecker, 1978). Performance 
criteria are set which are dependent on the nature and extent of the abnormal event 𝐻, 
experienced by the structure, and the consequence classification of the structure. When the 
structure fails to meet set performance criteria, disproportionate collapse is said to have occurred. 
Due to difficulty in the determination of abnormal events a structure would experience over its 
design life, design codes place emphasis on 𝑃[𝐶/𝐿𝐷], where 𝑃[𝐶/𝐿𝐷] has been defined as the 
conditional probability of progressive collapse 𝐶 due to the local failure 𝐿𝐷. This thesis focuses 
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on the potential progression of damage in flat slab structures after an initial local failure [𝐶/𝐿𝐷], 
without consideration of the actual abnormal event. 
Response of structures under abnormal forms of load is structural system dependent (Sagaseta 
et al., 2017). Hence, it is difficult to provide code specifications on robustness that are relevant 
to structures of various forms. Existing code specification on robustness of flat slab structures is 
reviewed in Section 2.5 of this thesis. As explained in Section 2.3 of this thesis, response of flat 
slab systems after initial local failure is not fully understood. Hence, the effectiveness of these 
code specifications on robustness of flat slab structures remains to be established. Chapter 6 of 
this thesis assesses the effectiveness of recommendations of existing codes towards guidance of 
structural robustness of flat slab structures. 
2.4.1 Indirect design methods 
Indirect design methods are prescriptive design rules aimed at improving the collapse resistance 
of structures by simply applying code-based detailing rules without a detailed knowledge of the 
degree of robustness incorporated into the structure. They are usually applied to low risk 
structures. They usually tend to involve the provision of vertical, horizontal and peripheral ties 
between load bearing structural members to bring about continuity. Major conclusions drawn 
from numerical and experimental investigations carried out on steel structures as stated by DCLG 
(2011) showed that rotations necessary to develop membrane actions at connections are often 
unachievable and mechanisms needed to arrest progressive collapse cannot be developed 
through tying alone. This also holds true for flat slab structures due to punching shear failure. 
Mitchell and Cook (1984) showed that top flexural reinforcement which is expected to act as ties 
at the post-initial local failure phase tend to get ripped out of the slab-column connection after 
punching. Hence, tie-force based design alone may not contribute to the robustness of flat slab 
structures. 
Ulaeto N.W. PhD Thesis 
55 
2.4.2 Risk-Based methods  
The entirety of approaches adopted by most codes and regulations could be described as Risk-
based since structures are placed in risk or occupancy categories. Though an explicit systematic 
risk assessment is not required for low consequence class structures, it is required for high 
consequence class structures in codes and regulations such as the Approved Document A (HMG, 
2013) and BS EN 1991-1-7 2006 (CEN, 2014a) . The BS EN 1991-1-7 2006 (CEN, 2014a) 
specifies a risk analysis framework that incorporates both qualitative and quantitative approaches 
to disproportionate collapse risk assessment and mitigation. 
2.4.3 Isolation by segmentation 
Isolation by segmentation involves limiting collapse after an initial local failure to a segment of 
a structure. Segment borders are formed either by arresting collapse using strong components, 
or by using weak components which act as structural fuse, or by providing high ductility and 
large energy dissipation capacity at segment borders (Starossek and Haberland, 2010). 
Application of isolation by segmentation to flat slab structures could be useful in the arrest of 
horizontal propagation of failure. However, this would limit slab continuity which provides 
benefits in the flat slab system resistance to initial local failure. 
2.4.4 Direct design methods  
Direct design approaches are rigorous and expensive performance-based approaches that use 
structural analysis to verify design objectives. Direct design methods could be grouped into two 
methods: alternative load paths and isolation by segmentation. Alternative load path is an 
approach very popular in design codes due to its relative ease of implementation in a variety of 
structural systems. In this method, structures are designed so that alternate load paths can develop 
to bridge over local failures and redistributing loads to adjoining components. The effectiveness 
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of the alternative load path approach is dependent on two important structural properties which 
are continuity and ductility (Starossek, 2009). The alternative load path approach requires 
connectivity between components even after initial local failure which would certainly involve 
large plastic deformations. Critical vertical load bearing element removal scenarios are direct 
design methods which are based on the alternative load path approach that has been widely 
adopted in current design codes and regulations (such as CEN, 2014a; DoD, 2013; and GSA, 
2016). Izzuddin et al. (2008) highlighted that the approach adopted in Approved Document A 
(HMG, 2013) is static whereas in most codes a sudden column removal is adopted.   
Direct design approaches for progressive collapse assessment could take the form of theoretical 
approaches, numerical approaches or a combination of both. They could also the take the form 
of scenario-dependent or scenario-independent approaches. Scenario-independent approaches 
are approaches where the cause of initial structural damage is ignored. The otherwise being the 
case for scenario-dependent approaches. Removal of one or more load bearing members is a 
scenario-independent approach widely adopted in codes. 
Energy Balance Approach 
Energy balance approaches drift away from the force-based approaches which basically seek to 
ensure that the strength supplied by the structure is greater than that demanded. Based on the 
Law of Conservation of Energy, the energy balance approach tries to ensure that the work done 
by gravity load on a structural system after an initial local failure equals the internal energy of 
the system. At this state the maximum dynamic response of the structure can be obtained. System 
internal energy includes its elastic strain energy, energy dissipated due to plastic strain and other 
damping mechanisms such as concrete crushing and cracking. Collapse results when work done 
by gravity load is greater than the internal energy. Beeby (1999) cited that robustness could be 
treated in terms of the required energy absorbed prior to collapse. Ability to cater for ductility 
and other energy absorption mechanisms has made the energy balance approach widely accepted 
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and is started to be considered in codes such as UFC 4-023-03 (DoD, 2013). Application of the 
energy approach to steel framed structures has been carried out using simple to complex 
analytical approaches as well as static and dynamic numerical approaches (Dusenberry and 
Hamburger, 2006; Vlassis et al., 2008; Szyniszewski and Krauthammer, 2012; and Liu and 
Pirmoz, 2016). 
An approach based on a non-linear static analysis which also incorporates energy balance was 
introduced by Izzuddin et al. (2008) for the assessment of robustness of multi-storey beam-
column framed structures after a sudden column loss. This approach involved; 
• the determination of the nonlinear static response of the structure after sudden loss of the 
column under gravity load, 
• the determination of the maximum dynamic response (𝑢𝑑,𝑛) under a simplified dynamic 
assessment involving a sudden column loss based on the relationship: 
𝑃𝑛 =
1
𝑢𝑑,𝑛
∫ 𝑃𝑑𝑢𝑠
𝑢𝑑,𝑛
0
                …  𝑒𝑞𝑛. 2.47 
where, Pn is the pseudo-static response and the integral represents the area under the 
nonlinear static load-deflection curve (Figure 2.21), 
• and an assessment of the ductility of connections. 
 
Figure 2.21: Comparison of nonlinear static and pseudo-static (dynamic) response 
(Izzuddin et al., 2008) 
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The strength of this approach is in the fact that it does not require a rigorous dynamic assessment. 
It also overcomes the various disadvantages encountered in the use of the DLF, though it has 
been criticized for not explicitly considering material strain rate and damping (DCLG, 2011). 
The approach presented by Izzuddin et al. (2008) was extended in this thesis to flat slab structures 
as discussed in Chapter 6 of this thesis. 
2.5 Code recommendations on robustness of flat slabs 
Recommendations in codes (CEN, 2010; ASCE, 2016; DoD, 2013; GSA, 2016; ACI, 2011b; 
CSA, 2004; fib, 2012a; CEN, 2014b; ACI, 2011a; and SIA, 2003) on robustness of flat slabs 
cover accidental load combinations and rules regarding provision of integrity reinforcement.  
2.5.1 Load combination for accidental cases 
The Eurocode 0 (CEN, 2010a) and Eurocode 1-7 (CEN, 2014a) adopt quasi-permanent (𝜓2) and 
frequent (𝜓1) load combinations for accidental actions. They are as applied in Equation 2.44 
with 𝜓2 and 𝜓1 having values of 0.3 and 0.5 respectively. A value of 0.5 is commonly adopted 
for the live load reduction factor in codes as is observed in Equations 2.44, 2.45, 2.46 and 2.47. 
Equation 2.44 is adopted for the determination of floor gravity loading where scenario 
independent approaches are adopted. 
∑ 𝑔𝑘,𝑗𝑗≥1 + (𝜑1,1 𝑜𝑟 𝜑2,1)𝑞𝑘,1 + ∑ 𝜑2,𝑖𝑞𝑘,𝑖𝑖>1  ... eqn. 2.44 
ASCE/SEI 7-16 (ASCE, 2016) make provisions for consideration of accidental and malevolent 
(extraordinary) events on structures. Equation 2.45 provided in the ASCE/SEI 7-16 (ASCE, 
2016) allows for the calculation of loading on structural elements under consideration, where 𝐴𝑘, 
is the load or load effect resulting from extraordinary event A. 𝐿𝑘,, 𝑆𝑘, 𝑎𝑛𝑑 𝑅𝑘, represent roof live 
load, snow load and rain load respectively. Where the residual strength of a structure is to be 
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assessed after the notional removal of a load bearing member, Equation 2.46 is recommended 
for use. 
(0.9 𝑜𝑟 1.2)𝐺𝑘, + 𝐴𝑘, + 0.5𝑄𝑘, + 0.2𝑆𝑘, ... eqn. 2.45 
(0.9 𝑜𝑟 1.2)𝐺𝑘, + 0.5𝑄𝑘, + 0.2(𝐿𝑘, 𝑜𝑟 𝑆𝑘, 𝑜𝑟 𝑅𝑘,) ... eqn. 2.46 
Equation 2.46 is also adopted in the UFC 4-023-03 (DoD, 2013) but for nonlinear dynamic 
assessment of structural response on removal of a load bearing member. Where a static linear or 
nonlinear analysis is opted for, the Equation 2.47 is used. 
2.0[(0.9 𝑜𝑟 1.2)𝐺𝑘, + 0.5𝑄𝑘, + 0.2(𝐿𝑘, 𝑜𝑟 𝑆𝑘, 𝑜𝑟 𝑅𝑘,)] ... eqn. 2.47 
The factor 2.0 in Equation 2.47 is a dynamic load amplification factor considered due to the use 
of a static analysis. The General Services Administration guidelines (GSA, 2016) also adopts the 
factor, 𝛺𝐿𝐷, in Equation 2.48 which is the load increase factor adopted for calculation 
deformation controlled actions when a linear static analysis is considered. 
𝛺𝐿𝐷[1.2𝐺𝑘, + (0.5𝑄𝑘, 𝑜𝑟 0.2𝑆𝑘,)] ... eqn. 2.48 
2.5.2 Integrity reinforcement  
The ACI 318-11 (ACI, 2011a) provide little detailing rules on robustness peculiar to flat slab 
structures. The codes confirm that top reinforcement that is not confined by stirrups tend to tear 
out the concrete, hence not providing catenary action after the damage of supports. It specifies 
that a minimum of two column strip bottom bars must pass through the column core in two 
orthogonal directions. No information is provided on the required area of integrity reinforcement. 
However, the code states that integrity reinforcement provided is expected to provide some 
residual strength after a single punching shear failure at a single support. Code provisions of the 
Eurocode 2 (CEN, 2014b) regarding integrity reinforcement are similar. 
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The Model Code 2010 (fib, 2012a) states strategies through which progressive collapse of flat 
slab structures can be avoided. These rules include: 
• increasing the deformation capacity at failure, or 
• provision of integrity reinforcement in slabs with limited deformation capacity. 
The Model Code 2010 (fib, 2012a) specifies that the resistance provided by integrity 
reinforcement could be calculated using the formula; 
𝑉𝑅.𝑝𝑝.𝑖𝑛𝑡. = ∑𝐴𝑠𝑓𝑦𝑑(𝑓𝑡 𝑓𝑦⁄ )𝑘 𝑠𝑖𝑛 𝛼𝑢𝑙𝑡  ≤
0.5√𝑓𝑐𝑘
𝛾𝑐
𝑑𝑟𝑒𝑠𝑏𝑖𝑛𝑡 ... eqn. 2.49 
where, 𝛼𝑢𝑙𝑡 is the angle of the integrity bar with respect to the slab plane at failure and 𝑏𝑖𝑛𝑡 is 
the control perimeter activated by the integrity reinforcement after punching and is given by; 
𝑏𝑖𝑛𝑡 = ∑(𝑠𝑖𝑛𝑡 +
𝜋
2
𝑑𝑟𝑒𝑠)  ... eqn. 2.50 
For the Canadian code, CSA A23.3-04 (CSA, 2004), integrity reinforcement is not expected to 
be less than two bars running through the column core, with the minimum area of bottom 
reinforcement required to given by; 
∑𝐴𝑠 =
2𝑉𝑠
𝑓𝑦
   ... eqn. 2.51 
where 𝑉𝑠 is the shear load at the column considered, which cannot be taken less than the shear 
load due to twice the self-weight of the slab. Detailing specifications are well specified in the 
CSA A23.3-04 (CSA, 2004) to ensure adequate anchorage of integrity reinforcement. 
ACI 352.1R (ACI, 2011b) specifies Equation 2.52 for the calculation of the minimum area of 
integrity reinforcement, 𝐴𝑠𝑚, to be provided in each principal direction. 
𝐴𝑠𝑚 =
0.5𝑞𝑑𝑙1𝑙2
Ф𝑓𝑦
  ... eqn. 2.52 
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The parameter 𝑞𝑑 is the factored uniformly distributed load which cannot be taken less than twice 
the slab unfactored dead load, 𝑙1 and 𝑙2 are the slab spans in each principal direction and Ф is 
the reduction factor which is ascribed a value of 0.9. 
The SIA 262-2003 (SIA, 2003) specifies Equation 2.53 for the calculation of the required area 
of integrity reinforcement.  
∑𝐴𝑠 =
1.5𝑉𝑠
𝑓𝑠𝑦
  ... eqn. 2.53 
These code-based expressions hold close resemblance to the various formulae obtained from 
literature, as discussed in Section 2.3.7 of this Thesis. Hence, the theoretical background for 
these expressions range from one-way tensile catenary action to post-punching shear action. 
2.6 Conclusions 
Review of relevant literature on progressive collapse and robustness of flat slab structures 
confirmed limitations in the understanding of the response of flat slab structures in the event of 
an initial local failure. These limitations covered understanding of the contributions and 
interactions among the flexural, punching shear, post-punching shear, compressive membrane, 
tensile membrane and dynamic responses of the flat slab system. This is because the influence 
and interaction of the mechanisms developed during progressive collapse of flat slab structures 
have not been fully established experimentally, analytically or numerically. Review of literature 
also confirmed the inability of existing numerical models to cater for the contributions and 
interactions of these mechanisms in the progressive collapse investigation of flat slab structures. 
This shows the need for the development of approaches aimed towards the accurate assessment 
of progressive collapse of flat slab structures, considering the various mechanism developed as 
well as their interactions. 
  
 
 
 
 
 
 
  
Modelling of post-punching shear response of 
isolated slab-column specimens  
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3.1 Introduction 
Robustness of flat slab structures is significantly influenced by the strength and ductility 
characteristics of slab-column connections. Connection strength characteristics which could 
influence robustness include flexural strength, punching shear strength, residual shear strength 
after punching and post-punching shear strength. The residual shear strength after punching is 
the minimum capacity of the connection immediately after punching, prior to the activation of 
post-punching mechanisms. When a flat slab-column connection fails in punching shear, the 
difference between the punching shear strength and the residual shear strength after punching is 
the shear load distributed to adjacent connections. With a constant gravity load, the resistance of 
the connection increases with the activation of post-punching mechanisms. The peak post-
punching resistance could be higher or lower than the punching shear resistance depending on 
the quantity of flexural and integrity reinforcement provided. Activation of post-punching 
mechanisms at the connections increases the overall resistance of the structure, energy absorption 
and possibly impedes the progression of collapse.  
Hence, adequate modelling of the response of flat slab connections, both numerically and 
analytically, is necessary for an accurate estimation of alternative load path of flat slab structures.  
Strength and deformation characteristics prior to and during punching shear failure of flat slab 
connections are capable of being adequately predicted numerically and analytically through 
various well researched approaches. Therefore, this chapter focuses on the development of novel 
numerical and analytical strength prediction models based on the mechanisms activated after 
punching shear failure. Adequate prediction of these mechanisms and their interaction at the flat 
slab connections will contribute to the accurate modelling of the total response of the connections 
under loading conditions encountered during progressive collapse which are discussed in 
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Chapter 4 and Chapter 5. Hence, the enhanced models developed in this Chapter will enable the 
adequate progressive collapse analysis of concrete flat slab structures. 
3.2 Numerical model for symmetric and asymmetric response 
Punching shear and post-punching shear responses of flat slab connections are dynamic and 
nonlinear in nature, though they have been experimentally and analytically modelled as static 
nonlinear problems using displacement-based models. While displacements and rotations 
resulting from punching shear are small, the post-punching shear mechanism involves large 
displacements. Significantly high material and geometric nonlinearities develop during the 
punching and post-punching shear phases of failure of flat slab connections. This makes it 
difficult to model the response of such connections numerically using implicit-static finite 
element approaches because numerical convergence problems would result during iterative steps 
required to establish static equilibrium. However, explicit finite element analysis does not require 
the establishment of static equilibrium. Nodal velocities, accelerations and displacements are 
solved for directly according to the equations of motion, using time steps which are of many 
orders of magnitude smaller than those adopted for the implicit analysis. 
Previous research involving the numerical modelling of progressive collapse in flat slab 
structures used simplified connector elements (discrete beam elements, connector beams, springs 
or connector spheres) for the simulations of punching and post-punching shear mechanisms 
(Keyvani, Sasani and Mirzaei, 2014; and Liu, Tian and Orton, 2015). Determination of connector 
stiffnesses, load-deformation and load-failure relationships tend to be problematic in these cases 
because calculated prior to the analysis of the slab and without prior knowledge of the actual 
slab response. When the stiffness, load deformation and failure relationships are determined 
analytically, they tend to neglect or inadequately predict the contribution and interaction of the 
various mechanisms to the overall capacity of connections when applied to system models. Some 
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of these mechanisms include compressive membrane action, asymmetric punching shear, 
asymmetric post-punching shear and tensile membrane action. Explicit modelling of connections 
using solid and beam elements was preferred in this work, since it allowed for an adequate 
consideration of the various mechanisms as well as their interaction. This was adopted in this 
study using LS-DYNA. 
LS-DYNA is a commercial finite element code used for the analyses of static and dynamic 
response of structures with large deformations. Quasi-static analysis could be carried out on LS-
DYNA, based on the explicit time integration methodology. This would make it suitable for the 
solution of problems involving significant material and geometric nonlinearities, where 
conventional implicit static analysis would not be suitable. A great variety of element 
formulations and material models are available in LS-DYNA, for use in development of 
reinforced concrete-based models. In addition, erosion capabilities of its built-in or user-defined 
material models allow for an effective simulation of the disconnection of certain structural 
components from others when prescribed failure criteria are met. This allows for an adequate 
simulation of the various phases of the collapse process. For this study, the LS-DYNA finite 
element code, version “mpp d R7.1.1” was used on a Linux RHEL 5.4 platform (“Platform-MPI 
8.1.1 Xeon64 uo” OS level) and an “Intel fortran compiler 13.1 SSE2”. 
3.2.1 Element formulations and constitutive models 
Element formulations 
Modelling of isolated slab specimens was carried out using quarter symmetric, three-dimensional 
finite element (FE) models. These incorporated solid (three dimensional) and beam (one 
dimensional) elements for concrete and steel reinforcement modelling respectively. Solid 
elements available in LS-DYNA include the 4 node tetrahedron and 8 node hexahedron. These 
could be enhanced to 10 node tetrahedron and 20 node hexahedron respectively using the 
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appropriate element formulations. The 8-noded hexahedron element, as shown in Figure 3.1, is 
implemented with the default constant stress solid element formulation. It was adopted due to its 
simplicity and versatility, as well as its vast application in the modelling of reinforced concrete 
components for various applications (Abu-Odeh, 2008; and Xiao, Li and Fujikake, 2017). For 
the one-dimensional beam elements, the Hughes-Liu beam element formulation was adopted. In 
addition to its bending capability, which is as found in conventional beam element formulations, 
it also incorporates finite transverse shear strains. This contributed significantly to the accuracy 
of numerical results for punching shear and post-punching shear simulations. 
 
Figure 3.1: Eight node solid hexahedron element and two node beam element 
A typical FE model developed for the assessment of symmetric punching and post-punching 
shear responses, is shown in Figure 3.2. Figure 3.2(b) shows the explicit modelling of flexural, 
integrity and perimeter reinforcement, represented by colours blue, yellow and green 
respectively. Mesh sizes adopted were based on observations from sensitivity studies discussed 
below. 
Constitutive material models 
Constitutive material models available for use in LS-DYNA for modelling concrete with solid 
elements include material models 5, 14, 16, 25, 72, 72R3, 96, 84, 145, 159 and 272. Of these 
material models, 72R3, 84 and 159 are more commonly used because they allow for simple 
material input parameters. Performances of these three material models have been well compared 
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in studies by Abu-Odeh (2008) and Wu, Crawford and Magallanes (2012). For this study, the 
material model 84 was adopted over material models 72R3 and 159 because it allows for the 
direct input of basic material properties (mass density, tangent modulus, Poisson’s ratio, uniaxial 
compressive strength, uniaxial tensile strength, crack width and aggregate size). 
(a)  (b)  
Figure 3.2: (a) Finite element meshing for slab specimen PM12 (b) Explicit 
modelling of reinforcements for slab specimen PM12
The material type 84 (*MAT_WINFRITH_CONCRETE) was developed by Broadhouse and 
Neilson (1987). It was incorporated into LS-DYNA in 1991. It is a smeared crack model based 
on the Ottosen plasticity model (Ottosen, 1975). Ottosen’s four parameter model is as presented 
in Equations 3.1 to 3.3 (Wu, Crawford and Magallanes, 2012; and LSTC, 2014).  
𝑌(𝐼1, 𝐽2, 𝐽3) = 𝑎𝐽2 + 𝜆 √𝐽2 + 𝑏𝐼1 − 1  ... eqn. 3. 1 
𝜆 = {
𝑘1𝑐𝑜𝑠 [
1
3
𝑐𝑜𝑠−1(𝑘2𝑐𝑜𝑠(3𝜃))]              𝑐𝑜𝑠 (3𝜃) ≥ 0
𝑘1𝑐𝑜𝑠 [
𝜋
3
−
1
3
𝑐𝑜𝑠−1(−𝑘2𝑐𝑜𝑠(3𝜃))]           𝑐𝑜𝑠(3𝜃) ≤ 0
    ... eqn. 3.2 
𝑐𝑜𝑠(3𝜃) =  
3√3
2
.
𝐽3
𝐽2
3 2⁄   ... eqn. 3.3 
The first invariant of stress tensor, second invariant of deviatoric stress tensor and 3rd invariant 
of deviatoric stress tensor are represented by 𝐼1, 𝐽2 and 𝐽3 respectively. The parameters 𝑎, 𝑏, 𝑘1 
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and 𝑘2 are dependent on the ratio of unconfined tensile strength to the unconfined compressive 
strength and are determined based on (Wu, Crawford and Magallanes, 2012; and LSTC, 2014); 
• unconfined compressive strength, 𝑓c
′ (𝜃 = 60𝑜 𝑎𝑛𝑑 cos 3𝜃 = −1), 
• uniaxial tensile strength, 𝑓ct
′  (𝜃 = 0𝑜 𝑎𝑛𝑑 cos 3𝜃 = +1), 
• biaxial compressive strength (𝜃 = 0𝑜), 
• and, triaxial compression (𝜃 = 60𝑜). 
The Winfrith concrete material model considers both triaxial compression and triaxial extension 
using the third stress invariant. It includes concrete tensile cracking in three orthogonal planes 
for each element and strain softening in tension. Input parameters for normal strength and 
siliceous aggregate concrete in the Winfrith concrete model are relatively straight forward. Input 
parameters for tangential modulus (T.M) and uniaxial tensile strength (fc) of concrete were 
obtained using Equations 3.4 and 3.5. 
𝑇.𝑀 = 4733√𝑓𝑐        (𝑀𝑃𝑎)  ... eqn. 3.4 
𝑓′𝑐𝑡 = 0.581√𝑓𝑐       (𝑀𝑃𝑎)  ... eqn. 3.5 
Both relationships were originally used in psi units by Abu-Odeh (2008) but presented here in 
MPa. Strain-rate effects could be considered for dynamic cases. For quasi-static analyses, “FE” 
material input parameter represents the crack width at which crack-normal tensile stress goes to 
zero. A constant value of 1.27x10-4m was adopted as recommended for normal strength and 
siliceous aggregate concrete (Ulaeto & Sagaseta, 2017b). Default hourglass settings in LS-
DYNA were used in the analyses. 
The Winfrith concrete model has no in-built element erosion capability. Erosion capability 
allows for the deletion of elements after stated criteria are met. This allows for modelling of 
disconnection of certain parts of structures during progressive collapse as well as checking of 
excessive node distortion after failure. Erosion for this material model was hence incorporated 
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using the *MAT_ADD_EROSION keyword of LS-DYNA. Two criteria were used as the basis 
for erosion. These were “maximum principal strain at failure” and “shear strain at failure”. It 
was assumed that values of failure strains for concrete in both compression and shear were 
sufficient. This was due to the assumption of either a flexural or shear failure mode at the 
connection. A sensitivity study was carried out to assess the influence of erosion parameters on 
the response of the numerical model to validate the models. Verification of the Winfrith concrete 
model using unit cube test simulations showed good agreement with expected strength for both 
unconfined compression and uniaxial tension as shown in Figure 3.3a. 
(a)    
(b)  
Figure 3.3: (a) Winfrith concrete material model verification in compression and 
tension (Schwer, 2010), (b) Elastic-plastic behaviour with kinematic and isotropic 
hardening (LSTC, 2014a) 
For modelling the material properties of steel reinforcement, the *MAT_PLASTIC_ 
KINEMATIC (Material model 3) was used. The plastic kinematic material model is usually 
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adopted for the modelling of isotropic and (or) kinematic hardening plasticity. This is as shown 
in Figure 3.3 where 𝑙0 and 𝑙 are the undeformed and deformed lengths of the specimen in uniaxial 
tension respectively (LSTC, 2014a). It is compatible with the Hughes-Liu beam element and 
strain rate effects could be incorporated into this model. Erosion was incorporated directly into 
the Plastic Kinematic Material Model using the plastic strain of the steel reinforcement. 
Bond modelling using Arbitrary Lagrangian-Eulerian Coupling (ALE) 
Interaction between solid and beam elements were simulated using the *CONSTRAINED_ 
LAGRANGE_IN_SOLID keyword. This was used instead of the *CONSTRAINED_BEAM_ 
IN_SOLID keyword since the latter was implemented in LS-DYNA R8.0.0 (R8.95309) release. 
*CONSTRAINED_LAGRANGE_IN_SOLID keyword is based on an Arbitrary Lagrangian-
Eulerian (ALE) constitutive model (Donea, Huerta, Ponthot, & Rodr, 1999). With this approach 
to coupling there was no need for the tedious task of sharing solid and beam element nodes. It 
also saved the extra cost of incorporating one-dimensional discrete elements into the model for 
the sole purpose of coupling beam elements to solid elements. The distribution of coupling points 
along the surface of each Lagrangian element (beam element) was done based on the relative 
mesh sizes of the Lagrangian element and the ALE elements (solid elements). A minimum of 
two coupling points in each ALE element was allowed for, as shown in Figure 3.4. This was as 
recommended in (LSTC, 2014a). The coupling type 2 (CTYPE=2), which allowed bonding of 
the beam elements to the solid elements in the prescribed directions, was adopted. Coupling was 
done in the normal direction, compression and tension. 
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Figure 3.4: Expected coupling points for Lagrangian element in ALE elements. 
Accuracy of the *CONSTRAINED_LAGRANGE_IN_SOLID keyword as a coupling 
mechanism for reinforcement bars embedded in concrete was assessed using pull out test P0 
(Malvar, 1992). Test P0 assessed bond failure between concrete and ribbed steel reinforcement 
without confinement. Bond stress-slip (and bond stress –bar displacement in the FEA) results 
are presented in Figure 3.5. Peak bond stresses obtained using the *CONSTRAINED_ 
LAGRANGE_IN_SOLID keyword was slightly higher than the experimental value. This was 
believed to be due to the assumption of perfect bond between reinforcement and concrete at the 
coupling points. Concrete failure around the coupling points was believed to have led to the drop-
in bond stress. Residual bond strength gave accurate predictions of the bond stress-slip up to 
bond stress values close to zero. Hence, it was concluded that predictions of bond stress-bar 
displacement relationships were reasonably accurate using the proposed ALE elements. 
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(a)  
(b)  (c)  
Figure 3.5: Bond stress-slip test (a) P0 test characteristics (Malvar, 1992) (b) Mesh 
discretization for P0 FE model (c) Bond stress-slip relationships (and bond stress –
bar displacement in the FEA). 
3.2.2 Validation of numerical model against test data of symmetrical tests 
Experimental data from isolated flat slab tests 
Test data from isolated flat slab specimens were obtained from Mirzaei (2010), Habibi (2012), 
Melo and Regan (1998) and Peng (2015), where the static flexural, punching shear and post-
punching shear responses were experimentally determined under symmetric support and loading 
conditions. Slab specimens differed primarily in terms of their material characteristics, slab and 
support characteristics, percentage of flexural reinforcement, incorporation and sizes of integrity 
reinforcement, as well as anchorage of flexural and integrity reinforcement both within and 
outside the connections. The test data are as summarized in Figure 3.6 and Table 3.1. 
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Figure 3.6: A typical isolated slab specimen: simply supported with concentric loading 
FE modelling of post-punching in isolated tests specimens: meshing and loading 
Quarter FE models (Figure 3.2) were analysed numerically using a quasi-static displacement-
controlled approach and their flexural, punching shear and post-punching shear responses were 
obtained. Sensitivity analyses were carried out to obtain the optimum element characteristics for 
punching shear, residual shear strength after punching and initial post-punching shear response 
assessment. Each analysis lasted for an average of 192 hours and due to limited analysis time, 
limitations were placed on the number of simulations carried out for each parameter assessed 
(element length, element depth to slab depth ratio and the value of strain for erosion of solid 
elements). Number of tests considered in the sensitivity studies were also limited to a reasonable 
minimum. Element lengths of 10, 15 and 20mm, element depth to slab depth ratios (e.d/s.d) of 
0.25, 0.1667 and 0.125 were used for the parametric assessment. Inputs of 0.02, 0.1 and 1.0 were 
also adopted as erosion criteria (applied to the maximum principal strain and shear strain at 
failure) in solid elements. These values were selected with consideration of the maximum 
aggregate size (20mm) for aggregate interlock during and immediately after punching as well as 
the maximum concrete strain (principal and shear strain) obtainable during post-punching.  
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Table 3.1: Characteristics and material properties of isolated slab specimens adopted 
from Mirzaei (2010), Habibi (2012), Melo and Regan (1998) and Peng (2015). 
Parameter PM2 PM4 PM24 PM9 PM10 PM12 SS RS SlabNo.1 0.64UN 
/1.0UN 
b (m) 1.5 1.5 1.5 1.5 1.5 1.5 2.3 2.3 2.5 1.77 
g (m) 1.38 1.38 1.38 1.38 1.38 1.38 2.0 2.0 1.145avg. 0.889 
f (m) 0.575 0.575 0.575 0.575 0.575 0.575 0.75 0.75 0.687avg. - 
c (m) 0.13 0.13 0.13 0.13 0.13 0.13 0.225 0.18/0.27 0.15 0.28 
h (m) 0.125 0.125 0.125 0.125 0.125 0.125 0.2 0.2 0.075 0.14 
d (m) 0.102 0.102 0.097 0.102 0.102 0.102 0.16 0.16 0.059 0.114 
fc (MPa) 36.5 36.8 40.4 31 31.1 32.4 26 30 29.6 32.44/33.38 
fct (MPa) 2.8 3.0 2.3 3.0 2.3 2.6 3.35 * 3.16 * - - 
𝜙 (m) 0.008 0.008 0.008 0.008 0.008 0.008 0.016 0.016 0.006 0.013 
s (m) 0.1 0.035 0.06 0.06 0.06 0.06           **     ** 0.075avg. 0.177/0.114 
ρ (%) 0.49 1.41 0.86 0.82 0.82 0.82           **     ** - 0.64/1.0 
fsy (MPa) 601 601 625 601 601 601 420 420 655 427 
fsu (MPa) 664 664 641 664 664 664 723 723 - 682 
εsy 0.003 0.003 0.003 0.003 0.003 0.003 0.0021 0.0021 - 0.0025 
εsu 0.0739 0.0739 0.0607 0.0739 0.0739 0.0739 0.13 0.13 - 0.21avg 
fsy.int.(MPa) - - - 616 560 527 420 *** - 413 
fsu.int. (MPa) - - - 680 599 629 723 *** - 696 
εsy.int. - - - 0.003 0.0028 0.0026 0.0021 *** - 0.0022 
εsu.int. - - - 0.074 0.079 0.135 0.13 *** - 0.2avg 
𝜙int. (m) - - - 0.008 0.01 0.014 0.016 *** - 0.01 
* Splitting tensile strength  
** 16mm 𝜙 bars provided at a spacing of 160mm within 0.64m from the column centre and at 200mm beyond 
*** 2# 11.3mm 𝜙 bars provided at the short side of connection and 3# 16mm 𝜙 bars provided at the long side  
Sources: 
PM2, PM4, PM24, PM9, PM10 and PM12: Mirzaei (2010) 
SS and RS: Habibi (2012) 
Slab No.1: Melo and Regan (1998) 
0.64UN and 1.0UN: Peng (2015) 
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Loading of specimens in the FE models was carried out by gradually increasing slab 
displacement at points of loading as applied in tests. The LSDYNA keyword 
*BOUNDARY_PRESCRIBED_MOTION _ SET was adopted for this purpose. This keyword 
allowed for the definition of nodal motion imposed on a set of nodes. Nodal motions were 
imposed using a time-displacement curve. An average displacement of 0.001 metres per time 
step (time step interval of 1 second) was adopted after preliminary investigations showed that 
this displacement rate brought about very negligible dynamic effect during the analysis (Ulaeto 
& Sagaseta, 2017b). 
Results from the sensitivity study of symmetric cases 
Results of sensitivity studies gave adequate insight into how model characteristics influenced 
slab column connections in terms of predicted punching shear capacity, residual shear strength 
after punching and post-punching shear response. The numerical method adopted, and results of 
sensitivity study were presented in the European LSDYNA Conference (Ulaeto & Sagaseta, 
2017b). Inclusion of erosion to concrete material model by means of actual and slightly higher 
values of failure strain gave punching shear, residual shear strength after punching and post-
punching shear strength which were much lower than those obtained from tests. This is shown 
in Figure 3.7. Accurate predictions of strength were obtained using erosion failure strains of 1.0. 
Hence, modelling of disconnection of members due to local damage (or failure) was carried out 
using erosion failure strains higher than usual to eliminate their influence on strength 
characteristics of connections. A sensitivity study was carried out using element length of 0.01m 
and e.d/s.d ratio of 0.167. Though it was expected that smaller values of element length and 
e.d/s.d ratios may lead to better prediction of strength at smaller values of strain, this would 
significantly increase the computation time required for analysis, especially in large system 
models (as applied in Chapter 4). 
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Results of sensitivity studies as presented in Figure 3.8, also showed that element depth to slab 
depth ratios of 0.1667 gave the best prediction of punching shear strength with a percentage 
difference of 0.03%. Higher e.d/s.d led to punching shear strengths higher than those obtained 
from experiments and the opposite case was observed for lower values of e.d/s.d. Variations in 
e.d/s.d had no influence on the residual shear strength after punching and post-punching shear 
response. Use of an e.d/s.d of 0.1667 on the SS and RS test specimens gave percentage 
differences of 2.33% and 2.18% respectively for punching shear strength, when compared to 
those obtained from experiments. With SS and RS specimens (Habibi, 2012) having slab depths 
of 0.2m and PM12 with depth of 0.125 m, low percentage differences confirm the suitability of 
an e.d/s.d of 0.1667 for the modelling of slabs with thicknesses between 0.1 and 0.3m. Slabs of 
these thicknesses are commonly used in design and construction of residential and commercial 
flat slab buildings (The Concrete Society, 2007).  
Element length of 0.010m gave the best prediction of punching shear strength as shown in Figure 
3.9. Punching shear strength prediction obtained using 0.01m element length was 6.8% lower 
than test result. 0.02m element length gave punching shear strength prediction 10% lower than 
test result. There was no observed influence of variations in element size on the residual shear 
strength after punching and post-punching shear responses. Element sizes lower than 0.010m, 
such as a 0.005m element size, were considered too small to be incorporated into this sensitivity 
assessment. 
Mesh sensitivity were negligible at e.d/s.d ratio of 0.167 and element length of 0.010m for 
punching shear strength, residual strength after punching and post-punching shear strength as 
observed in Figure 3.8 and Figure 3.9. Differences in the strength parameters due to changes in 
mesh sizes were below 12%. Element characteristics obtained from the sensitivity analyses were 
considered adequate for incorporation into flat slab structural systems since dimensional 
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characteristics of flat slab structures do not differ significantly from those on which sensitivity 
studies were based on.  
 
 
Figure 3.7: Comparison of strength 
parameters with varying values erosion 
parameter (Test PM12)  
 
Figure 3.8: Comparison of strength 
parameters with varying values of 
element depth to slab depth ratio (Test 
PM12) 
 
Figure 3.9: Comparison of strength parameters with varying values of element length 
(Test PM4) 
Results from symmetric cases of isolated slab specimens 
Sensitivity studies showed 0.01 m element length, 0.1667 e.d/s.d and erosion criteria with a value 
of 1, gave the best predictions of punching shear, residual shear strength after punching and post-
punching shear responses. These model characteristics were used for a complete numerical 
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analysis of isolated flat slab specimens available in literature. The results obtained, shown in 
Figure 3.10 correspond to tests given in Table 3.1, except for SlabNo.1, 0.64UN and 1.0UN. 
Punching shear capacity for the various specimens gave percentage differences between 0.03 
and 2 percent. Residual shear strengths after punching gave percentage differences between 0.03 
and 21 percent, while peak post-punching shear strengths gave percentage differences between 
0.03 and 3 percent. In tests PM9 and PM10 (Figure 3.10b), FE simulations predicted the fracture 
of some integrity reinforcement which were as reported in tests. 
(a)  
(b) 
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(c)  
Figure 3.10: Symmetric: Load displacement curve (PS: Punching shear, PPS: Peak 
post-punching shear and RSS: Residual shear strength after punching) 
Comparison of damage between tests and FE results showed good similarities. The predicted 
damage in the numerical models was observed through mesh disturbance and strains in the 
vertical direction (distortion). Similarities with test results were observed both in terms of the 
area at which damage occurred, as well as the timing in which propagation of damage occurred 
(i.e. post-punching phase). Figure 3.11 shows that for both tests and FE specimens, spalling and 
local damage resulting from the propagation of post-punching shear failure was concentrated 
around regions where flexural reinforcement bars crossed the punching shear cone. It can be 
observed that at a displacement of 98mm in test SS, spalling of flexural reinforcement had 
propagated to the side of the slab from the edge of the punching shear cone. It can be concluded 
that the numerical simulations of the response of flat slab connection prior to and after punching 
provide adequate prediction of damage and its propagation at the various phases of the response.  
The evolution of slab rotation is shown in Figure 3.12 for tests PM4 and PM12. The slab rotation 
measured from FE model outside the column region (i.e. region with constant rotation) increased 
with load until punching occurred. Slab rotation prior to punching shear failure was measured 
taking into consideration the slab displacement at a distance of about 3𝑑𝑒𝑓𝑓 from the column 
Ulaeto N.W. PhD Thesis 
80 
face as illustrated in Figure 3.12b. After punching, the slab rotation reduced significantly as the 
shear force dropped and subsequently the rotation increased significantly at the initiation of post-
punching. This observation was found to be same in slabs with and without integrity 
reinforcement. The initial reduction in the slab rotation due to punching obtained in the FE model 
can be justified by the kinematics shown in Figure 3.12(b). In a continuous slab the reduction of 
the slab rotation after punching would be restraint to some extent by the moments in the slab. 
3.2.3 Asymmetric post-punching shear response 
Most assessments on structural robustness of structures have been based on scenario independent 
approaches such as the sudden removal of a column. Increase in loading and a reduced 
connection strength due to eccentricity is experienced at adjacent connections after the loss of 
an interior connection (i.e. uneven residual spans). This increases the chances of asymmetrical 
punching of adjacent connections to the removed support. Varying the vertical displacements at 
equal distances from the column faces along four orthogonal directions of an internal column 
connection allows the study of asymmetric post-punching of the connection. Due to these 
varying displacements, displacement factors were obtained from the analysis of asymmetric 
cases due to residual spans. 
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(a)   (b)  
Figure 3.11: Comparison of damage at displacement of 98mm for the SS specimen: (a) 
Test specimen (b) F.E simulation 
(a)   (b)  
Figure 3.12: (a) Evolution of slab rotation up until and just after punching shear failure
 (b) Observed kinematics before and after punching from FE models 
Displacement factors 
The methodology proposed here for the numerical modelling of asymmetric punching and post-
punching shear response of flat slab column connections is similar to that for symmetric 
connections (explicit nonlinear dynamic FE using a displacement control approach). However, 
in the case of asymmetric modelling, displacement factors were used to define the different 
vertical displacements on each side of the isolated column-slab specimen. Possible estimates of 
displacement factors were assessed using a continuous flat slab system model as shown in Figure 
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3.13. An FE model of a continuous flat slab was developed using shell elements to obtain global 
slab deformations before and after local failure of the slab at the supports. The slab span, 𝑙, 
adopted in the system model was based on the geometry of the isolated slab specimens, assuming 
the traditional distance of 0.22𝑙 from the column to the point of contra-flexure. The gradual loss 
of adjacent connections after the loss of an internal column (column 1) was simulated statically 
through a nonlinear static (push-down) FE analysis on SAP2000. Load required to cause 
asymmetric punching shear failure at the supports was determined using a preliminary nonlinear 
FE analysis. Support reactions were monitored in the analysis. A second nonlinear FE analysis 
was carried out where the slab was loaded with a uniform area load corresponding to that at 
which asymmetric punching failure was calculated and the vertical restrains at columns 2 and 3 
replaced with vertical support forces. These vertical support forces were equal to those observed 
in preliminary analysis and applied upward. This was in a direction opposite to that of the applied 
area load (downward). To simulate gradual connection failure at columns 2 and 3, forces equal 
to the reaction forces were applied in the downwards direction. Complete connection failure was 
believed to have occurred when the applied downward forces equalled the vertical support 
forces, hence at this point, the connections were assumed to provide no vertical reaction. Results 
presented in Figure 3.13 to Figure 3.16 were based on a flat slab system developed from isolated 
slab specimen PM4. Analyses using PM2 and PM12 gave similar results. 
Slab displacements at the side of the lost column 1 (critical side) were assigned a displacement 
factor of one (reference deflection, 𝑤crit,face). Slab kinematics were assessed at various load steps 
of the analysis. Slab displacement contours after failure of the connections at columns 2 and 3 
are as shown in Figure 3.13. The slab displacement profile showing displacements between the 
mid-spans on either side of column 2 (critical and opposite side) is shown in Figure 3.14. Figure 
3.14 shows displacement curves at the time of initiation of punching shear failure and at complete 
failure of the connection. A displacement of 0.116m was observed at column 2 after the complete 
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loss of vertical load resistance. It should be noted that the system model was carried out without 
consideration of post-punching shear resistance of the failing connections as well as the 
progression of failure to other connections. 
Ratios of displacements at the opposite and adjacent sides to those at equal distances at the 
critical side were obtained. Curves for these displacement ratios after local failure at the supports 
are shown in Figure 3.15. Displacement ratios decreased with increasing distance from the 
column face as expected from Figure 3.14. Figure 3.16 shows the development of the 
displacement ratio through the various load steps of analysis at three points 1.12d, 3.04d and 
6.72d from the column face. This helped show how the displacement ratio varied as the post-
punching mechanism progressed. The negative ratios observed in Figure 3.14 resulted due to 
positive displacements (uplift resulting unbalanced shear forces around the connection) at the 
opposite side, prior to the failure of the connection, at early steps of the analysis. Result from 
Figure 3.16 shows that at the early steps of the analysis when the post-punching action (spalling 
of the slab cover by flexural reinforcement and breakage of concrete in slab by integrity 
reinforcement) is within 3d of the column face, the ratio (𝑤opp 𝑤crit⁄ ) has a value of about 0.65. 
This ratio is also found to have a value of about 0.65 at the later stages of analysis when the post-
punching action is further away from the column face (at about 6d from the column face). Similar 
observations for the adjacent face of column 2 gave a value of about 0.75 for the ratio 
(𝑤adj 𝑤crit⁄ ). These results were based on numerical predictions obtained from a slab with initial 
regular column layout with equal spans in both orthogonal directions.  
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Figure 3.13: Slab displacement contour 
after complete failure of columns 2 and 3 
(displacement in metres) 
 
 
Figure 3.14: Slab displacement around 
column 2
 
Figure 3.15: Displacement ratios at load 
step 11 after complete failure of adjacent 
connections 
 
 
Figure 3.16: Displacement ratios for 
opposite face at various analysis steps 
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Derivation of displacement factors from plastic deformations 
Derivation of displacement factors from plastic deformations was carried out by assessing slab 
kinematics after punching shear failure of column 2 and 3. Plastic deformations were derived 
based on a simplified geometry shown in Figure 3.17. Areas with negligible vertical 
displacement around connections which had not punched were taken into consideration. 
Estimates from numerical simulations showed width of these regions to be at about 0.25𝐿 and 
0.15𝐿 around columns and 4 and 5 respectively. 
(a)  
(b)  
Figure 3.17:   Derivation of displacement factors from plastic deformations (a) Column 1-
2-3 (b) Column 2-4 
With Figure 3.17a, Equations 3.6 to 3.8 were obtained from geometric considerations; 
𝑤𝑜𝑝𝑝
𝑤𝑐𝑟𝑖𝑡
=
0.43𝑤−𝛿𝑜𝑝𝑝𝑡𝑎𝑛𝜃𝑜𝑝𝑝
0.43𝑤+𝛿𝑐𝑟𝑖𝑡𝑡𝑎𝑛𝜃𝑜𝑝𝑝
  ... eqn. 3.6 
𝑤ℎ𝑒𝑟𝑒,     𝑡𝑎𝑛 𝜃𝑜𝑝𝑝 ≈
𝑤
1.75𝐿
≈
0.43𝑤
0.75𝐿
 ... eqn. 3.7 
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and; 𝛿𝑐𝑟𝑖𝑡 and 𝛿𝑜𝑝𝑝 are the distances from column 2 to points at the critical and opposite sides 
respectively, where the displacement ratio is being considered. Substituting Equation 3.7 into 
Equation 3.6 gives; 
𝑤𝑜𝑝𝑝
𝑤𝑐𝑟𝑖𝑡
=
0.75−
𝛿𝑜𝑝𝑝
𝐿
⁄
0.75+
𝛿𝑐𝑟𝑖𝑡
𝐿⁄
  ... eqn. 3.8 
Geometric considerations based on Figure 3.17b are as provided in the relationships below;  
𝑤𝑎𝑑𝑗
𝑤𝑐𝑟𝑖𝑡
=
0.43𝑤−𝛿𝑎𝑑𝑗𝑡𝑎𝑛𝜃𝑎𝑑𝑗
0.43𝑤+𝛿𝑐𝑟𝑖𝑡𝑡𝑎𝑛𝜃𝑜𝑝𝑝
  ... eqn. 3.9 
𝑤ℎ𝑒𝑟𝑒,     𝑡𝑎𝑛 𝜃𝑎𝑑𝑗 ≈
0.43𝑤
0.85𝐿
  ... eqn. 3.10 
and 𝛿𝑎𝑑𝑗 is the distance from column 2 to a point at the adjacent side, where the displacement 
ratio is being considered. Displacement ratios were considered at equal distances of 𝛿𝑐𝑟𝑖𝑡, 𝛿𝑜𝑝𝑝 
and 𝛿𝑎𝑑𝑗. Substituting Equations 3.7 and 3.10 into Equation 3.9 gives Equation 3.11. 
𝑤𝑎𝑑𝑗
𝑤𝑐𝑟𝑖𝑡
=
1−1.2𝛿𝑎𝑑𝑗/𝐿
1+1.33𝛿𝑐𝑟𝑖𝑡/𝐿
  ... eqn. 3.11 
Curves obtained on application of Equations 3.8 and 3.11 are as presented in Figure 3.15. Curves 
obtained using plastic deformation equations were found to give slightly higher ratios than those 
obtained from FE simulations. This was as expected since the curved geometry from FE analysis 
would give a smaller displacement between two points, compared to a linear geometry assumed 
in the plastic deformation analysis. 
3.2.4 Comparison of symmetric and asymmetric predictions from numerical models 
Asymmetric FE models gave post-punching shear strength values lower than those obtained in 
equivalent symmetric models. For PM4 (Figure 3.19), a peak post-punching shear strength for 
asymmetric slab specimen was found to be 12% lower than that of the symmetric slab specimen 
which was not significant. However, PM12 (Figure 3.20) which contained integrity 
reinforcement gave a peak asymmetric post-punching shear strength 30% lower than that 
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observed for the symmetric specimen. This observed difference for the PM12 specimen is 
significant. 
 
Figure 3.18: Development of punching shear failure in asymmetric case 
 
Figure 3.19: Asymmetric and symmetric 
PM4: Load displacement curve 
 
Figure 3.20: Asymmetric and symmetric 
PM12: Load displacement curve
In asymmetric cases, it was observed that the punching cone starts developing on one side of the 
connection (the critical side) before spreading to other sides as shown in Figure 3.18. In Figure 
3.18, mesh disturbance and strain in the vertical direction (which is greater than failure strain for 
concrete in tension) show the critical side to have punched though punching shear failure of the 
connection was yet to be fully propagated to the opposite side of the connection. This has a 
positive effect for the residual shear strength after punching but a negative effect on the post-
punching resistance. The residual shear capacities after punching in asymmetric models were 
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higher than those of symmetric models. This is believed to be due to the early activation of 
flexural and integrity reinforcement in post-punching shear at the critical side. The PM4 slab 
model experienced fracture of flexural reinforcement close to the column face at the critical side 
but PM12 experienced this at both the critical and adjacent sides. Enhanced activation of flexural 
reinforcement is believed to be responsible for the observed early fracture of flexural and 
integrity reinforcement at the critical sides in asymmetric cases. In asymmetric cases, fracture of 
the reinforcement resulted in reduction of post-punching shear capacities. 
3.3 Analytical model for symmetric and asymmetric post-punching shear  
Analytical modelling of symmetric post-punching shear response of isolated slab specimens was 
carried out taking into consideration the various local mechanisms of failure developed during 
post-punching shear and their interactions. These include breakage of concrete within the 
punching cone, spalling of concrete cover outside the concrete cone as well as flexural and 
membrane effect of the reinforcement. After punching shear failure of a flat slab connection, the 
resistance of the slab drops until flexural and any integrity reinforcement connecting the slab to 
the punching cone are activated in post-punching shear. 
As shown in Figure 3.21b and Figure 3.21d, when flexural reinforcement is activated, the 
breakage of concrete within the cone and below the reinforcement occurs initially. When the 
resistance provided in this local region is equal to that provided by concrete cover outside the 
punching cone, breakage and spalling then occurs concurrently (Figure 3.21a to Figure 3.21d). 
Due to spalling of concrete cover, each top flexural reinforcement bar provides a constant 
resistance outside the punching cone. The resistance provided by bottom flexural reinforcement 
increases with spalling of concrete cover due to the activation of top flexural reinforcement bars 
lying outside the punching cone as shown in Figure 3.21d. On the other hand, the area of the 
punching cone decreases due to breaking of concrete. 
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Figure 3.21: Breakage and spalling of 
flexural reinforcement during post-
punching shear. 
(a) Section parallel to top flexural 
reinforcement immediately after punching 
(b) Section parallel to top flexural 
reinforcement in advanced post-punching 
shear phase 
(c) Section parallel to bottom flexural 
reinforcement immediately after punching 
(d) Section parallel to bottom flexural 
reinforcement in advanced post-punching 
shear phase 
(a)  
(b)  
Figure 3.22: Activation and deactivation 
of flexural reinforcement. 
(a) Activated and deactivated top and 
bottom flexural reinforcement (Habibi, 
2012) 
(b) Area of concrete spalling due to 
activated top flexural reinforcement  
(Mirzaei, 2010)
The breakage of concrete around the punching cone reduces the number of top and bottom 
flexural reinforcement activated, as shown in Figure 3.21b, Figure 3.21d, Figure 3.22a and 
Figure 3.22b, until almost only bars running directly over the column are left. Integrity 
reinforcement remain activated until their rupture or pull-out since they are design to pass 
through the column core. Reinforcement response moves from a state of flexural bending with 
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negligible internal membrane forces at small displacements, to a state of negligible elasto-plastic 
bending with significant membrane forces at large displacements. 
Table 3.2: Comparison of proposed post-punching model to existing models 
No. Mirzaei (2010)  Habibi, Cook and Mitchell 
(2014) 
Proposed Model 
1 Variable values of pi and qi. Equal values of pi and qi for 
each step. This results in a 
progression of concrete 
breakage and spalling which 
are independent of the shear 
force transferred between the 
punching shear cone and the 
slab. 
Variable values of pi and qi 
(Figure 3.24). Allows for the 
development of a relationship 
between the progression of 
concrete breakage and spalling 
and the shear force transferred 
between the punching shear 
cone and the slab, as expressed 
in the page 94 of this thesis. 
2 No consideration of 
deactivation of flexural bars. 
This will lead to overestimation 
of post-punching shear strength 
at some stage of the post-
punching shear action.  
Constant number of activated 
bars is assumed possibly based 
on empirical observation. This 
may lead to overestimation of 
post-punching shear strength at 
some stage of the post-
punching action. 
Deactivation of flexural bars is 
considered both within and 
outside the punching shear 
cone. This influences the 
number of bars active in the 
transfer of shear during post-
punching and hence the value 
of post-punching strength. 
(Equation 3.91 and 3.20) 
3 Activation of both top and 
bottom bars outside the 
punching shear cone. This may 
lead to overestimation of post-
punching shear strength at some 
stage of the post-punching 
action. 
Constant number of activated 
bars is assumed. This may lead 
to underestimation of post-
punching shear strength. 
Activation of only top flexural 
bars is considered outside the 
punching shear cone. Hence, 
the number of activated 
flexural reinforcement not 
passing through the cone is not 
overestimated. (Equation 3.22) 
4 Punching shear cone inclined at 
30o to the horizontal. 
Punching shear cone inclined at 
14o and 45o to the horizontal at 
the top and base respectively. 
Punching shear cone inclined at 
25o and 45o to the horizontal at 
the top and base respectively. 
5 Equilibrium and compatibility 
relationships adopted are 
complex, requiring the 
assumption of values of several 
parameters for calculation of 
post-punching shear resistance. 
Equilibrium and compatibility 
relationships are insufficient 
leaving one unknown 
parameter possibly obtained 
from tests. 
Use of displacement and 
rotation from flexural response 
of rebar gives a single 
unknown for initial solution of 
membrane response. Allowing 
for the solution of problems 
independent of tests or finite 
element inputs.(Equations 3.24 
to 3.28) 
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Progressive response of flat slab connections in post-punching has been assessed by Mirzaei 
(2010) and Habibi, Cook and Mitchell (2014). However, limitations in the application of these 
models necessitates the development of the analytical model described in Section 3.3.1 for the 
extension into the progressive collapse analysis (i.e. asymmetrical cases) of flat slab systems. 
Table 3.2 shows the differences between the proposed model and those of Mirzaei (2010) and 
Habibi, Cook and Mitchell (2014). Parameters mentioned in Table 3.2 are as described in Section 
3.3.1. A major limitation in both models is the fact that equilibrium and compatibility 
relationships contain more unknowns than equations available to solve for them and therefore 
several assumptions are needed regarding some of these parameters.  
3.3.1 Symmetric post-punching shear response 
Concrete breakage of punching cone and spalling of cover 
The code requirements for nuclear safety related concrete structures ACI 349-78 and ACI 349-
01 (ACI, 1978; and ACI, 2001) provides failure modes as well as break out strength for anchor 
bars embedded in concrete. For anchored bars loaded in shear, concrete breakout strength is 
taken to be the component of tensile strength of concrete breakout surface. This surface is taken 
to the horizontal projection of the breakout cone or prism. Break out cone for bars in shear are 
as shown in Figure 3.23.  These  expressions  are also used by Melo and Regan (1998), Mirzaei 
(2010) and Habibi, Cook and Mitchell (2014) in their post-punching shear formulae and models. 
A breakout prism angle of 35o was adopted in ACI 349-01, rather than 45o used in the previous 
editions of this code. Breakout and spalling strength of a single anchored bar are both given by 
the relationship; 
𝑉𝑐𝑜𝑛.  = 𝐴𝑐ℎ . 𝑓𝑐𝑡.𝑒𝑓𝑓 ... eqn. 3.12 
 where,    𝐴𝑐ℎ = 
𝜋
2
𝑑𝑟𝑒𝑠.
2  𝑐𝑜𝑡2𝛾 ... eqn. 3.13 
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and 𝑓𝑐𝑡.𝑒𝑓𝑓 is the effective tensile strength in the concrete, defined as 0.33√𝑓′𝑐. Concrete 
breakout strength, 𝑉𝑐𝑜𝑛.𝑏𝑟𝑒𝑎𝑘, denotes the shear strength developed from breaking of concrete 
within the punching shear cone while concrete spalling strength, 𝑉𝑐𝑜𝑛.𝑠𝑝𝑎𝑙𝑙, denotes the shear 
strength developed from breakage of concrete outside the punching shear cone.  
                  
       
Figure 3.23: Basic concrete breakage model parameters
For scenarios where a number of closely spaced bars, 𝑛, are acting in shear close to the edge, 
Equation 3.14 gives the horizontal projection of the breakout cone provided the spacing of the 
bars, 𝑠, satisfies the condition, s <  2𝑑𝑟𝑒𝑠. 
𝐴𝑐ℎ = {[∆ +
𝑛
2
(𝜋 − 2∆)] 𝑑𝑟𝑒𝑠
2 𝑐𝑜𝑡2𝛾 +
𝑛−1
2
𝑠𝑑𝑟𝑒𝑠 𝑐𝑜𝑡𝛾 𝑠𝑖𝑛 ∆} ... eqn. 3.14 
                where,   ∆ =  𝑎𝑟𝑐 𝑐𝑜𝑠 (
𝑠
2𝑑𝑟𝑒𝑠𝑐𝑜𝑡 𝛾
) ... eqn. 3.15 
The angle of inclination of the punching shear cone is assumed to range from 30o to 45o (ACI, 
2011a and CEN, 2014b). The shape of the punching cone assumed in the proposed analytical 
model is as presented in Figure 3.24. Angles of inclination of the punching shear cones to the 
horizontal, 𝜃1 and 𝜃2, were assigned values of 25
o and 45o respectively in this thesis. This gave 
a value of 35o for the average angle, 𝜃, of the inclined side of the punching cone. From numerical 
simulations, increases in slab thickness (slab dilatancy) were observed at points on the slab at a 
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distance of 1.5𝑑 from the column face at the initiation of punching shear failure. These increases 
in slab thicknesses close to the column, as shown in Figure 3.25 were due to large shear strains 
developed. The dilatancy length, 𝑙𝑑𝑖𝑙, can be defined as the measured distance from the column 
face to a point where no significance slab dilatancy is observed and it can be used to estimate the 
average inclination of the punching cone. Figure 3.25 shows that the average angle of inclination 
of the punching shear cone obtained numerically ranged between 25o and 38o, giving an average 
value of 33o. This justifies the value of 35o adopted for 𝜃 in the proposed analytical model as 
opposed to 29o adopted in Habibi, Cook and Mitchell (2014). 
 
Figure 3.24: Geometric assumptions in proposed analytical modelling of post-punching 
shear mechanism 
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Figure 3.25: Slab dilatancy from FE 
models 
 
 
Figure 3.26: Capacity of each 
deformation mode during progression of 
post-punching 
The progressions of concrete breaking and spalling around the reinforcement bars were modelled 
based on increases in the geometric parameters 𝑝𝑖 and 𝑞𝑖. The parameters 𝑝𝑖 and 𝑞𝑖 are defined 
in Figure 3.24. Values of 𝑝𝑖 are obtained iteratively using small constant increments. An 
incremental value of 0.002m was adopted. As 𝑝𝑖 increases, 𝑑𝑟𝑒𝑠 also increases due to the 
inclination of the punching cone and hence 𝑉𝑐𝑜𝑛.𝑏𝑟𝑒𝑎𝑘 increases with 𝑝𝑖. The increase of distances 
𝑝𝑖 and 𝑞𝑖 follow the local damage in the punching cone due to concrete breakage and spalling of 
the reinforcement outside the punching cone. To model a system constantly striving towards 
attainment of equilibrium after local damage of the concrete, the increments were taken as 
follows; 
when 𝑉𝑐𝑜𝑛.𝑏𝑟𝑒𝑎𝑘 > 𝑉𝑐𝑜𝑛.𝑠𝑝𝑎𝑙𝑙 :      {
𝑞𝑖  𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑒𝑠 𝑏𝑦 𝑖
𝑝𝑖 𝑟𝑒𝑚𝑎𝑖𝑛𝑠 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡
 
when 𝑉𝑐𝑜𝑛.𝑏𝑟𝑒𝑎𝑘 ≤ 𝑉𝑐𝑜𝑛.𝑠𝑝𝑎𝑙𝑙 :      {
𝑞𝑖 𝑟𝑒𝑚𝑎𝑖𝑛𝑠 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡
𝑝𝑖 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑒𝑠 𝑏𝑦 𝑖.
 
These relationship distinguishes the proposed model from existing models and provides the 
advantage of modelling damage as it progresses without the assumption of equilibrium between 
𝑉𝑐𝑜𝑛.𝑏𝑟𝑒𝑎𝑘 and 𝑉𝑐𝑜𝑛.𝑠𝑝𝑎𝑙𝑙 which may not exist at a particular post-punching phase. Figure 3.26 
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shows progression in capacity of the two deformation modes during post-punching and how the 
governing deformation mode is obtained. For the flexural reinforcement, 𝑉𝑐𝑜𝑛.𝑏𝑟𝑒𝑎𝑘 governed 
the resistance in post-punching at small displacements until 𝑉𝑐𝑜𝑛.𝑏𝑟𝑒𝑎𝑘 > 𝑉𝑐𝑜𝑛.𝑠𝑝𝑎𝑙𝑙. 
The depth of concrete above bars (𝑑𝑟𝑒𝑠) was derived in terms of 𝑝𝑖 or 𝑞𝑖 and the progression 
modelled analytically using the relationship adopted by (Mirzaei, 2010), 
𝑑𝑟𝑒𝑠(𝑝𝑖) = 𝑝𝑖 𝑡𝑎𝑛 𝜃𝑖 𝑐𝑜𝑡 𝛾 ... eqn. 3.16 
For flexural and integrity reinforcements, 𝑑𝑟𝑒𝑠 and 𝑑𝑟𝑒𝑠.𝑖𝑛𝑡 varied for the ranges of progression 
damage shown in Equations 3.17 and 3.18 respectively based on geometrical considerations from 
Figure 3.24 and Figure 3.27. Average slab depths are used in Equations 3.17 and 3.18 for the 
flexural and integrity reinforcement (i.e. 
(𝑑x+𝑑y)
2
). 
 
Figure 3.27: Basis of analytical modelling of progression of concrete breakage 
𝑑𝑟𝑒𝑠 = {
𝑝𝑖 . 𝑡𝑎𝑛 𝜃1                                 ∶ 0 ≤ 𝑑𝑟𝑒𝑠 ≤
𝑑
3
[𝑝𝑖 −
𝑑
3
𝑐𝑜𝑡 𝜃1] 𝑡𝑎𝑛 𝜃2 +
𝑑
3
      ∶  
𝑑
3
≤ 𝑑𝑟𝑒𝑠 ≤ 𝑑    
 ... eqn. 3.17 
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𝑑𝑟𝑒𝑠.𝑖𝑛𝑡. =
{
 
 𝑞𝑖𝑛𝑡.𝑖 𝑡𝑎𝑛 𝜃2                                                          ∶ 0 ≤ 𝑑𝑟𝑒𝑠.𝑖𝑛𝑡 ≤ (
2𝑑
3
− 𝑔) 
[𝑞𝑖𝑛𝑡.𝑖 − (
2
3
𝑑 − 𝑔) 𝑐𝑜𝑡 𝜃2] 𝑡𝑎𝑛 𝜃1 + (
2𝑑
3
− 𝑔)       ∶ (
2𝑑
3
− 𝑔) ≤ 𝑑𝑟𝑒𝑠.𝑖𝑛𝑡 < (𝑑 − 𝑔) 
 𝑑 − 𝑔                                                          ; 𝑑𝑟𝑒𝑠.𝑖𝑛𝑡 = (𝑑 − 𝑔)   
  ... eqn. 3.18 
The width of each side of the punching cone, 𝑏𝑓𝑙𝑒𝑥, (Figure 3.24) is given in Equation 3.18. 
Equation 3.18 shows the reduction of the width of the punching cone with the progression of the 
post-punching shear mechanism. Dividing 𝑏𝑓𝑙𝑒𝑥 by the spacing of reinforcement bars along the 
face considered, gives the number of flexural rebars activated in that face during post-punching 
at a certain level of local damage 𝑝𝑖. 
𝑏𝑓𝑙𝑒𝑥 = 𝑐 + 2𝑑 𝑐𝑜𝑡 𝜃 − 2𝑝𝑖 ... eqn. 3.19 
Concrete breakage within the punching shear cone is activated with 𝑛𝑏𝑟𝑒𝑎𝑘 sections of flexural 
reinforcement bars. The total number of activated flexural reinforcement contributing to the post-
punching resistance (considering both directions 1 and 2) is defined by 𝑛𝑏𝑟𝑒𝑎𝑘 in Equation 3.20. 
Deactivation of some of these bars as the post-punching mechanism progresses gives, a 
minimum number of bars, 𝑛𝑏𝑟𝑒𝑎𝑘.𝑚𝑖𝑛. This minimum number of bars is obtained when breakage 
of concrete within the punching cone reaches the column face (𝑏𝑓𝑙𝑒𝑥 = 𝑐). At this point, it is 
assumed that no reinforcement outside the punching cone is activated. Hence, 𝑛𝑏𝑟𝑒𝑎𝑘 ≥
 nbreak.min, where; 
𝑛𝑏𝑟𝑒𝑎𝑘 = 2 [
𝑏𝑓𝑙𝑒𝑥.𝑑𝑖𝑟.1
𝑠𝑏.𝑑𝑖𝑟.1
+
𝑏𝑓𝑙𝑒𝑥.𝑑𝑖𝑟.2
𝑠𝑏.𝑑𝑖𝑟.2
] ... eqn. 3.20 
𝑛𝑏𝑟𝑒𝑎𝑘.𝑚𝑖𝑛 = 2𝑐 (
1
𝑠𝑏.𝑑𝑖𝑟.1
+
1
𝑠𝑏.𝑑𝑖𝑟.2
) ... eqn. 3.21 
where 𝑠𝑏 is the spacing of the particular reinforcement bars being considered.  
The number of top reinforcement bars activated outside the punching cone by the underlying 
bottom layer of flexural reinforcement, as shown in Figure 3.21d and Figure 3.22b, is 
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4𝑞𝑖/𝑠𝑏.𝑑𝑖𝑟.1. Hence, the total number of bars contributing to the spalling of concrete outside the 
punching cone is  
𝑛𝑠𝑝𝑎.𝑡𝑜𝑡𝑎𝑙 = [2
𝑏𝑓𝑙𝑒𝑥.𝑑𝑖𝑟.1
𝑠𝑏.𝑑𝑖𝑟.1
+ 2
𝑏𝑓𝑙𝑒𝑥.𝑑𝑖𝑟.2
𝑠𝑏.𝑑𝑖𝑟.2
+ 4
𝑞𝑖
𝑠𝑏.𝑑𝑖𝑟.1
] ... eqn. 3.22 
In symmetric cases of post-punching shear, 𝑏𝑓𝑙𝑒𝑥.𝑑𝑖𝑟.1 and 𝑏𝑓𝑙𝑒𝑥.𝑑𝑖𝑟.2 are equal and given by 
Equation 3.19. 
Prediction of the post-punching load-displacement response 
The load-displacement response for post-punching shear was obtained analytically taking into 
consideration the load-deformation response of the activated reinforcement bars during the 
elastic and plastic phases. Both flexural and membrane responses were taken into consideration. 
From Figure 3.24, the parameter 𝑙 is the length of flexural reinforcement activated in the response 
around the post-punching shear transfer zone. 𝑙 is given by Equation 3.23, where 𝑧 is the factor 
which takes into consideration the curvature influenced zone for the length of reinforcement 
embedded in concrete. The curvature influenced zones are region of entry of exposed rebar into 
the slab, where localised deformation of embedding concrete occurs due to high bearing stress 
developed, prior to the breakage or spalling of the concrete. Values between 6 and 4 were 
obtained for the curvature influenced zones for loadings up to yielding and fracture respectively 
by Qureshi and Maekawa (1993) and Dei Poli, di Prisco and Gambarova (1993). A 𝑧 value of 6 
provides reasonable results of the flexural phase of the reinforcement response as recommended 
by Mirzaei (2010) based on the test evidence by Qureshi and Maekawa (1993) and Dei Poli, di 
Prisco and Gambarova (1993). 
𝑙 = 𝑧𝜙 + 𝑝𝑖 + 𝑞𝑖 + 𝑧𝜙 ... eqn. 3.23 
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Where 𝜙 denotes the diameter of reinforcing steel bar. Based on beam elastic theory assuming a 
deflection profile of the reinforcement along 𝑙 with clamped ends, the maximum rotation at 𝑙/2 
is, 
𝜓𝑓𝑙𝑒𝑥 = −
𝑉𝑙2
8𝑛𝑏𝑟𝑒𝑎𝑘𝐸𝑠𝐼𝑠
  (𝑟𝑎𝑑𝑖𝑎𝑛𝑠) ... eqn. 3.24 
The end-to-end displacement of each reinforcement bar over the post-punching transfer zone is 
assumed to be equal to the overall slab displacement and is given by 
𝑤𝑓𝑙𝑒𝑥 =
𝑉𝑙3
12𝑛𝑏𝑟𝑒𝑎𝑘𝐸𝑠𝐼𝑠
   ... eqn. 3.25 
Where 𝑉 is the shear transferred at the connection, 𝐸𝑠 is the Young modulus of elasticity of steel 
rebar and 𝐼𝑠 is the second moment of area of steel rebar provided. Equations 3.26 and 3.27 
assumed elastic bending deformations and therefore are not valid at large displacements, when 
bending response of the reinforcement is plastic. The relationship presented in Equation 3.26 
provides the basis for this transition, defining the strain at the tensile edge of the reinforcement 
bar at a particular displacement. When this exceeds the yield strain, a local plastic zone was 
assumed to develop at the edge of the reinforcement. This leads to the adoption of a 
reinforcement membrane relationship rather than the flexural.  
𝜀𝑠.𝑓−𝑚 =
3𝑤𝑓𝑙𝑒𝑥
𝑙2
 𝜙 ... eqn. 3.26 
The z parameter in Equation 3.23 was taken as 4 in the membrane phase based on the 
experimental results by Dei Poli, di Prisco and Gambarova (1993). Deformation profile for both 
flexural and membrane phases are as shown in Figure 3.28. 
The displacement obtained in the last step of the flexural phase, was used as initial input 
parameter and the membrane stress in the reinforcement calculated using Equation 3.25 based 
on vertical equilibrium, assuming that all the shear is carried through membrane action. The 
angle of inclination of the reinforcement at each step of the membrane phase was considered to 
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be due to the initial rotation obtained during the flexural phase, 𝜓𝑓𝑙𝑒𝑥, and the rotation due the 
axial strains in the membrane phase 𝜀𝑠 (assuming a plastic deformation profile), 
𝑓𝑠.𝑚𝑒𝑚. =
4𝑉
𝑛𝑏𝑟𝑒𝑎𝑘𝜋Ф
2 𝑠𝑖𝑛𝜓𝑚𝑒𝑚.
  ... eqn. 3.27 
where, 
𝜓𝑚𝑒𝑚. = (𝑎𝑟𝑐𝑐𝑜𝑠
1
1+𝜀𝑠
) + 𝜓𝑓𝑙𝑒𝑥  ... eqn. 3.28 
 
Figure 3.28: Responses of embedded rebar (a) flexural (b) membrane 
The membrane strain in the reinforcement, 𝜀𝑠, was determined using a constitutive material 
model for steel proposed in (Kunnath, Heo, & Mohle, 2009). Relationships for this model are as 
presented in Equations 3.29 to 3.31. As shown in Figure 3.29, the monotonic membrane response 
of the reinforcement is defined by four phases of response in engineering coordinates. 
Phase I defined the elastic phase where; 0 ≤  𝜀𝑠  ≤  𝜀𝑠𝑦, and 𝑓𝑠 = 𝜀𝑠𝐸𝑠.  
Hence,  
  𝑃ℎ𝑎𝑠𝑒 𝐼:     𝜀𝑠 =
𝑓𝑠
𝐸𝑠
   ... eqn. 3.29 
Phase II defined the yield plateau where;  𝜀𝑦  ≤ 𝜀𝑠 ≤ 𝜀𝑠ℎ, and 𝑓𝑠  =  𝑓𝑦. 
Phase III defined the strain hardened phase where, 𝜀𝑠ℎ  ≤ 𝜀𝑠 ≤ 𝜀𝑠𝑢, and; 
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𝑃ℎ𝑎𝑠𝑒 𝐼𝐼𝐼:      𝜀𝑠 = 𝜀𝑠𝑢 − (𝜀𝑠𝑢 − 𝜀𝑠ℎ) |
𝑓𝑠−𝑓𝑠𝑢
𝑓𝑠ℎ−𝑓𝑠𝑢
|
1
𝑃
  ... eqn. 3.30 
Where,  
𝑃 =  𝐸𝑠ℎ
𝜀𝑠𝑢−𝜀𝑠ℎ
𝑓𝑠𝑢−𝑓𝑠ℎ
  ... eqn. 3.31 
The parameters 𝜀𝑦, 𝜀𝑠ℎ and 𝜀𝑠𝑢 represent the reinforcement yield strain, strain-hardening strain 
and ultimate strain respectively. 𝐸𝑠ℎ is the slope at the strain hardening phase. These strain and 
hardening modulus parameters were constants obtained from stress-strain curves (Figure 3.29) 
of reinforcements used. 
 
Figure 3.29: Monotonic stress-strain curve for steel reinforcement bars 
Finally, displacement of each reinforcement bar was calculated using the relationship; 
𝑤𝑚𝑒𝑚. = 𝑙 𝑡𝑎𝑛𝜓𝑚𝑒𝑚.  ... eqn. 3.32 
The slab displacement was used as the basis for the summation of the response of flexural and 
integrity reinforcement in slabs containing both as shown in Equation 3.33. Where 𝑉 𝑤 is the total 
post-punching shear capacity at a particular displacement (𝑤) of 𝑖, 𝑉𝑓𝑙𝑒𝑥.𝑟𝑒𝑖𝑛𝑓.𝑤 is the 
contribution of the flexural reinforcement at the displacement 𝑤 and 𝑉𝑖𝑛𝑡.𝑟𝑒𝑖𝑛𝑓.𝑤 is the 
contribution of integrity reinforcement at a displacement 𝑤. 
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𝑉 𝑤 = 𝑉𝑓𝑙𝑒𝑥.𝑟𝑒𝑖𝑛𝑓.   𝑤 + 𝑉𝑖𝑛𝑡.𝑟𝑒𝑖𝑛𝑓.   𝑤 ... eqn. 3.33 
Bond failure due to reduced anchorage length 
For cases where flexural and integrity reinforcement were not fully anchored, the local bond 
stress-slip relationship provided in Model code 2010 (fib, 2012b) and Cairns (2015) was adopted 
for modelling anchorage of embedded steel reinforcement. This relationship is as presented in 
Equation 3.34 and accounts for concrete splitting, rebar fracture as well as rebar pull out. 
Where; 𝑓𝑠𝑡𝑚 is the estimated stress developed in bar (mean value) due to bond, 𝑓𝑐𝑚 is the 
measured concrete cylinder compressive strength, 𝑙𝑏 is the bond length, 𝜙 is the diameter of 
lapped or anchored bar respectively, 𝑐𝑚𝑎𝑥 and 𝑐𝑚𝑖𝑛 are as defined in Figure 3.30. The 𝑘𝑚 and 
𝑘𝑡𝑟 parameters are transverse reinforcement related and can hence be neglected.   
𝑓𝑠𝑡𝑚 = 54 (
𝑓𝑐𝑚
25
)
0.25
(
25
𝜙
)
0.2
(
𝑙𝑏
𝜙
)
0.55
[(
𝑐𝑚𝑖𝑛
𝜙
)
0.33
(
𝑐𝑚𝑎𝑥
𝑐𝑚𝑖𝑛
)
0.1
+ 𝑘𝑚𝑘𝑡𝑟] ≤ 𝑓𝑠𝑢 , ≤
10𝑙𝑏√𝑓𝑐𝑚
𝜙
⁄   ... eqn. 3.34 
 
Figure 3.30: Definition of cover parameters 
Model code 2010 (fib, 2012b) defines factor 𝛺𝑦 as having a value of 1 when 𝜀𝑠 ≤ 𝜀𝑠𝑦 but given 
by Equation 3.35 when 𝜀𝑠𝑦 ≤ 𝜀𝑠 ≤ 𝜀𝑠𝑢. The factor 𝛺𝑦 was applied to fstm to account for the 
influence of yielding of reinforcement. 
𝛺𝑦 = 1.0 − 0.85(1 − 𝑒
−5𝑎𝑏) ... eqn. 3.35 
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𝑤ℎ𝑒𝑟𝑒,      𝑎 =
𝜀𝑠 − 𝜀𝑠𝑦
𝜀𝑠𝑢 − 𝜀𝑠𝑦
 
𝑎𝑛𝑑,     𝑏 = [2 −
𝑓𝑡𝑚
𝑓𝑦𝑚
]
2
 
For slabs with reinforcement anchored into the connections or along the spans, increases in the 
parameters 𝑞 and/or 𝑝 led to decreases in anchorage length (𝑙𝑏) of flexural and integrity 
reinforcement along the length of the slab. At a critical length where the axial stress in each steel 
reinforcement (𝑓𝑠) equals the average bond stress (𝑓𝑠𝑡𝑚), bond failure during post-punching may 
occur, therefore, bond failure needs to be checked when calculating the load displacement 
response for post-punching. This approach was applied in the analytical modelling of isolated 
slab specimen SS, RS, SlabNo.1, 0.64UN and 1.0UN. Application of this bond technique could 
also be made to continuous slabs, with flexural reinforcements curtailed at a short distance from 
the point of contra-flexure or to integrity reinforcements discontinued within the connection or 
at a distance from connection as adopted in certain design codes.  
Residual shear strength immediately after punching 
With the proposed approach, residual shear strength after punching can be estimated. To do so   
the slab deflection at a distance of around 2𝑑 from the connection face is estimated from flexural 
considerations. Punching shear capacities as well as rotations and displacements at punching 
were obtained analytically, using the Critical Shear Crack Theory’s, Level II of Approximation 
(LoA II) as defined in Equations 3.36 and 3.37 (fib, 2012). Equation 3.36 defines the failure 
criterion curve and Equation 3.37 defines the load rotation curve. The intersection of both curves 
gives the punching shear strength of the flat slab connection as well as the rotation at which this 
punching is predicted to occur. 
𝑉𝑅𝑑,𝑐 =
1
1.5+0.9𝑘𝑑𝑔𝜓𝑑
. 𝑏𝑜𝑑𝑣√𝑓𝑐𝑘 ... eqn. 3.36 
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𝜓 = 1.5
𝑟𝑠
𝑑
𝑓𝑦𝑑
𝐸𝑠
(
𝑚𝐸𝑑
𝑚𝑅𝑑
)
3
2
  ... eqn. 3.37 
Where, 𝑉𝑅𝑑,𝑐 denotes the punching shear resistance, 𝑚𝐸𝑑 denotes the average moment per unit 
length for the calculation of the flexural reinforcement in direction of the support strip considered 
and is approximately equal to  𝑉𝐸𝑑 8⁄  for regular slabs with similar spans,  ψ denotes the rotation 
of the slab around the column, 𝑑𝑣 denotes the shear resisting effective depth, 𝑏𝑜 denotes the shear 
resisting control perimeter, 𝑚𝑅𝑑 denotes the average design flexural strength per unit length of 
the support strip, 𝑑𝑔 denotes the maximum size of aggregate and; 
𝑘𝑑𝑔 =
32
16+𝑑𝑔
≥ 0.75  ... eqn. 3.38 
Since assessment of test and FE results showed no significant increase in displacement during 
the drop in strength immediately after punching, the slab displacement corresponding to the 
punching shear strength (𝑉𝐸𝑑 = 𝑉𝑅𝑑,𝑐) was assumed to be same for the residual shear strength 
after punching. Slab displacement close to the column face was obtained using Equation 3.39 
with the parameters defined in Figure 3.31. The results obtained are compared with the 
experimental data presented in the Section 3.3.2 of this Thesis. 
 
Figure 3.31: Displacement of reference point at punching shear failure 
𝑤 = 𝜓𝑙 ... eqn. 3.39 
Where l is the distance from the face of the column to the reference point, defined in Figure 3.31. 
Flow diagram 
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The flow diagram presented in Figure 3.32 summarizes the analytical approach adopted for the 
calculation of the load-displacement response of a flat slab connection during post-punching 
shear action, taking into consideration the contributions of both flexural and integrity 
reinforcement. 
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(a)  
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(b)  
Figure 3.32: Flow chart for analytical determination of post-punching load-
displacement response; (a) Flexural reinforcement (b) Integrity reinforcement 
3.3.2 Validation of analytical model against symmetric tests 
The analytical post-punching model developed was applied to several isolated slab tests available 
in the literature (Table 3.1). Good predictions of the post-punching shear response were obtained 
in all cases investigated as presented in Figure 3.33. The residual shear capacity immediately 
after punching was determined analytically; the results are indicated by red stars on the 
analytically determined post-punching shear response curves in Figure 3.33a-j.  Values of 
residual shear strength after punching obtained analytically differed from those obtained from 
tests by differences between 3% and 25%. Using higher levels of approximation (LoA) for 
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estimating deflection at punching would result in even more accurate predictions of residual 
shear strength after punching. 
The axial strain and stresses of the flexural and integrity reinforcement close to the column faces 
were compared for the FE and analytical post-punching shear model of slab test specimen SS. 
Predictions of peak stresses and strains were found to be similar, as shown in Figure 3.34 and 
Figure 3.35. Figure 3.35 also showed similar progression of stresses and strains up to the peak 
values for the integrity reinforcement. Comparison of axial strains for flexural reinforcement 
were also found to be close to those obtained experimentally, though strain in the flexural 
reinforcement at this point was only measured to a displacement of 0.0235m due to damage of 
strain gauges (Habibi, 2012). Peak axial stresses in the integrity reinforcement were far from of 
the ultimate stress due to their anchorage failure which was correctly predicted analytically. 
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(a) (b)  
(c) (d)  
(e) (f)  
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(g) (h)  
(i) (j)  
(k)  
Figure 3.33: Verification of analytical post-punching shear model, with (a) to (k) 
representing individual test specimens analysed as stated in the respective Figures  
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(a)  (b)  
Figure 3.34: (a) Comparison of strain in flexural reinforcements obtained through test, 
analytical and F.E modelling of post-punching shear of test specimen SS (Habibi, 2012);
 (b) Comparison of axial stress in flexural reinforcements obtained through 
analytical and F.E modelling of post-punching shear of test specimen SS 
(a)  (b)  
Figure 3.35: (a) Comparison of strain in integrity reinforcements obtained through 
analytical and F.E modelling of post-punching shear of test specimen SS (Habibi, 2012);
 (b) Comparison of axial stress in integrity reinforcements obtained through 
analytical and F.E modelling of post-punching shear of test specimen SS
3.3.3 Comparison of results with other approaches from literature 
Use of formulae estimating the local breakout strength of embedded rebar in the determination 
of the post-punching strength of flat slab connections after punching shear failure was first 
proposed by Melo and Regan (1998). Since then, Mirzaei (2010), Habibi, Cook and Mitchell, 
(2014) have proposed models aimed at predicting the progression of post-punching action with 
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different levels of accuracy. Load displacement curves showing post-punching shear response 
up to fracture or pull out of flexural or integrity reinforcement, or on attainment of excessive 
displacements as observed in reported tests were used for these comparisons. Understanding of 
the different possible failure modes resulting from the post-punching mechanism is important 
for accurate prediction of the energy absorption of connections. Hence, influencing the 
propagation of failure in the structural system as shown in Chapter 4 and Chapter 5 of this Thesis. 
As shown in Figure 3.36a to Figure 3.36f, results of the proposed model were generally more 
conservative compared to the predictions by Mirzaei (2010) for the overall post-punching shear 
response. The analytical model of Mirzaei (2010) provided reasonable predictions although in 
some cases high peak post punching shear capacities as well as the overall energy absorption of 
connections were slightly overestimated. Figure 3.36g and Figure 3.36h show that the proposed 
analytical approach and that of Habibi, Cook and Mitchell, (2014) gave good predictions of peak 
post-punching shear response for the flat slab test specimens assessed. A difference in the 
predicted response of both models is the fact that while the response curve for the proposed 
model was constantly increasing until a significant drop occurred, that of Habibi, Cook and 
Mitchell, (2014) showed a plateau prior to the significant drop. The drops in shear predicted in 
both models during the post-punching phase were explained to be due to the pull out of the 
integrity reinforcement (bond failure) were as observed experimentally. The proposed model 
provided in this case a better estimate of ductility of the connections, since the final loss in 
connection capacities were much closer to experimental results than analytical predictions of 
Habibi, Cook and Mitchell, (2014). 
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(a)  
(b)  
(c)  (d)
(e)  (f)
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(g)  (h)  
Figure 3.36: Comparison of post punching shear responses obtained through tests, 
proposed analytical model, analytical model of Mirzaei (2010) and (Habibi et al., 2014) 
3.3.4 Predictions using analytical approach in asymmetric cases 
The approach adopted in the analytical modelling of asymmetric post-punching shear response 
was similar to that adopted for modelling symmetric cases. Modelling asymmetric post-punching 
shear response analytically was carried out by considering four sectors projected from each 
column face. Behaviour of each sector differed at various phases of the connection’s response, 
hence, their contributions to the post-punching shear resistance were also considered to vary. 
This variation was modelled analytically taking into consideration the shape of the post-punching 
shear cone and the application of a displacement factors at each side of the column face. 
At the critical face (Figure 3.13) a single inclination surface was adopted for the punching shear 
cone, with an inclination angle of 45o (instead of 35o for conventional cases). This was to 
simulate the enhanced activation of flexural and integrity reinforcement during the post-
punching phase. The angle of inclination for the other faces were as adopted in the symmetric 
assessment (i.e. 35o). 
Displacement factors were also applied in summation of the contribution of the various sectors 
to post-punching shear resistance. Average displacement factors of 0.65 and 0.75, for the 
opposite and adjacent sides respectively were again adopted for the purpose of compatibility of 
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the various slab sectors (see Section 3.2.3). Varying the slab displacement factors applied to each 
side of column face also allowed for the early activation of post-punching shear on the critical 
side of the connection relative to others. The sum of the post-punching resistance of flexural and 
integrity reinforcements from the various sectors gave the total post-punching shear resistance 
of the slab.
  
Figure 3.37: Asymmetric PM4: Load 
displacement curve- Analytical 
 
Figure 3.38: Asymmetric PM12: Load 
displacement curve- Analytical
The post-punching load-displacement curves were obtained analytically for the asymmetric 
response based on specimens PM4 and PM12. Analytical asymmetric responses were close to 
those obtained numerically as shown in Figure 3.37 and Figure 3.18. Though the drop in post-
punching shear resistance, after fracture of integrity reinforcement (Figure 3.37) at the critical 
side of specimen PM12 was more pronounced in the numerical model than it was the analytical, 
numerical post-punching capacity rose to within a 10.5% difference from the analytical value at 
the end of the analysis. This confirmed the suitability of the analytical approach for the modelling 
of asymmetric post-punching shear response. Asymmetric post-punching tests are not available 
in the literature and further validation of the proposed approach with test data would be an area 
of future work to confirm these results. However, the consistent numerical and analytical 
predictions provide some confidence on the main findings obtained. 
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3.4 Conclusions 
Chapter three of this thesis assessed numerically cases of symmetric and asymmetric post-
punching shear responses of slab-column connections. It extended existing analytical models for 
prediction of symmetric response to take into consideration the activation and deactivation of 
flexural reinforcement. It also proposed an approach through which the progressive destruction 
of concrete around reinforcement connecting the slab to the punching shear cone was the basis 
for calculation of shear transferred to the column and the slab displacement during post-
punching. lab connection after punching shear. The analytical model developed was also 
extended to cases of asymmetric post-punching shear failure. These strength parameters obtained 
analytically included the residual shear strength after punching as well as peak post punching 
shear strength. These parameters are relevant as they influence redistribution of gravity loads 
after local damage of slab-column connections in flat slab structures.   
Results from numerical modelling gave predictions of punching shear capacity for the various 
specimens with percentage differences between 0.03 and 2 percent from results of tests found in 
literature. Residual shear strengths after punching gave percentage differences between 0.03 and 
21 percent, while peak post-punching shear strength gave percentage differences between 0.03 
and 3 percent. In tests PM9 and PM10, numerical simulations predicted the fracture of some 
integrity reinforcements which were as reported in tests. Asymmetric FE models gave post-
punching shear strength values lower than those obtained in symmetric models whereas the 
residual shear strengths immediately after punching were higher. The numerical approaches are 
extended to flat slab system analysis in Chapter 4. 
Results from analytical modelling gave predictions of peak post punching shear strength with 
differences between 0.062% and 19.3% from test results. Results obtained analytically such as 
the residual shear strength after punching, as well as overall connection post-punching response 
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were also adequate. Extension of the analytical models developed to asymmetric cases of post-
punching was considered analytically through the shape of the punching shear cone and 
variations in slab displacements around the four sides of the connections. This led to early 
activation of post-punching mechanism at the opposite side and higher values of residual shear 
strength after punching. During asymmetric post-punching, difference in the angle of inclination 
of the punching shear cone also leads to variations in the number of flexural rebar activated 
(𝑛𝑏𝑟𝑒𝑎𝑘), due to reductions in the width of the punching shear cone (𝑏𝑓𝑙𝑒𝑥). This generally led to 
lower values of peak post-punching shear strength during the non-symmetric response. Values 
of residual strength after punching and peak post-punching shear strength obtained numerically 
agreed with those obtained analytically.  The proposed analytical model for post-punching is 
applied in Chapter 5 and  Chapter 6.
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4.1 Introduction 
Flat slab systems tend to respond differently from isolated slab specimens assumed in tests. 
These differences in response are due to continuity characteristics of flat slab systems. Continuity 
leads to higher values of strength and stiffness at flat slab connections (Jurgen Einpaul, 2016). 
Compressive membrane action develops internally within a continuous flat slab system due to 
the horizontal restraint provided by the slab and its supporting members, leading to an increase 
in strength and flexural stiffness.  
Redistribution of gravity loads occur after the total or partial loss of capacity of a vertical load 
bearing member (i.e. columns or slab-column connections). Such member loss could be due to 
punching shear around the connection resulting from over loading, explosion or impact leading 
to column loss, or any other form of malevolent or accidental event. Due to numerous 
possibilities of malevolent and accident events, event independent scenarios such as the sudden 
column removal scenario, are adopted in structural robustness design. 
Sudden loss of vertical load bearing members tends to initiate a dynamic response in adjoining 
supports as well as the overall system. This dynamic effect is due to the sudden redistribution of 
gravity loads to adjoining connections as well as the sudden change in deformed shape as the 
structure tries to attain a new state of equilibrium through the activation of velocities and 
accelerations. Hence, there is a need to adequately model the dynamic response of slab-column 
connections to assess potential progressive collapse of flat slab structures.  
This chapter aims to develop a novel numerical approach to model flat slab systems using a 
combination of solid and shell elements. Slab-column connections will be modelled explicitly 
using solid (for concrete) and beam (for reinforcement) elements, as presented in Chapter 3 for 
static cases, to effectively simulate flexural, punching shear and post-punching shear responses. 
Numerical models of slab-column connections will be validated for dynamic load scenarios 
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using test cases available in literature. Models of slab-column connections will be incorporated 
into a flat slab system model and assessed based on a sudden column removal scenario. The 
analyses will be carried out using permanent, quasi-permanent and frequent load combinations 
of the Eurocode 1 (CEN, 2010b). The numerical approach developed predicts the response of 
flat slab systems after the sudden loss of an internal column while taking into the account and 
investigating the various load actions, their interactions and dynamic effects. The numerical 
approach developed will also serve as a basis for the verification of the analytical approaches, 
for slab-column connection subsystem and flat slab system presented in Chapter 5 of this Thesis.  
4.2 Dynamic Punching  
Dynamic punching shear failure is one of several types of failure which could occur when 
reinforced concrete slabs are subjected to dynamic loading. Shear capacity curves presented in 
Figure 4.1c show that dynamic punching could occur at small slab deformations due to a large 
shear demand or at large slab deformations due to a lower shear demand. Dynamic punching at 
small deformations could be due to localized impact or detonation which could trigger local 
damage as illustrated in Figure 4.1a. The proximity of this localised loading to the structure or 
critical parts of the structure would initiate a global dynamic response which could lead to the 
punching of slab-column connections at large deformation (Figure 4.1b). In this case, the 
maximum connection reactions will take place at the time of maximum peak deflections (i.e. 
maximum resistance in the flexural response). The response of the slab-column connections and 
the overall slab system is influenced by magnitude of the gravity loads applied in the slab (dead 
load + live loads) (Olmati et al., 2017; and Russell, Owen and Hajirasouliha, 2015). In cases of 
sudden column removal, localized response is ignored and emphasis is placed on the global 
response of the structure due to gravity load (Figure 4.1b). Residual resistance of the structural 
system to the sudden drop of the slab, develops dynamic loading at the adjacent supports.  
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Figure 4.1:   Local vs. global response: (a) punching of the slab during local impulsive 
behaviour; (b) punching of the column-slab connection at peak dynamic response; and (c) 
influence of slab rotation and strain-rate on punching strength according to CSCT 
(Muttoni, 2009; and Micallef et al., 2014) 
Due to the continuity and monolithic nature of flat slab systems, the interaction between local 
and global response is not straightforward and the development of hybrid models (models 
capable of predicting local and global responses as well as their interaction) is useful for different 
types of loading with different load durations. The dynamic punching shear response in this 
thesis is preliminary assessed using low velocity drop weight impact cases, because the responses 
obtained in such cases are similar to those observed in slab-column connections (Micallef et al., 
2014). 
4.2.1 Existing experimental data on localized impact loading of RC slabs  
The response of RC slabs to drop weight impact has been investigated in the past by several 
researchers. Most of these works focused on the nature and extent of local deformations and only 
in some tests were the global responses also examined. Three test series were considered in this 
thesis: tests carried out by Chen and May (2009), Hrynyk and Vecchio (2014) and Xiao, Li and 
Fujikake (2017). These tests were highly instrumented, the impactors had flat surfaces and the 
Ulaeto N.W. PhD Thesis 
121 
boundary conditions were well known, therefore causing no problems with the interpretation of 
results.  
Tests conducted by Chen and May (2009) focused on obtaining transient accelerations, transient 
reinforcement strains and local damage. In these test series, only the flat surface impactor test 
(Slab No. 3 with 100mm diameter impactor) was considered. Impactor mass and velocity were 
98.7kg and 6.5ms-2 respectively. A detailed description of the material properties and specimen 
characteristics for slab No. 3 are as provided in Figure 4.2 and Table 4.1. 
Hrynyk and Vecchio (2014) investigated the behaviour of RC and steel fibre reinforced concrete 
slabs subjected to high-mass, low-velocity impacts. They tested seven specimens which included 
three reinforced concrete slab specimens (TH2, TH6 and TH7). All slab specimens were 
supported on four points, close to the corners. Tests on each slab consisted of 10 impact events 
with mass levels ranging from 150kg to 300kg to look at the effect of residual damage on slab 
behaviour. However, only the first impact event (150kg mass) was considered here. Impactor 
velocity was 8.0 ms-2. A square impactor with 300mm width was used. A detailed description of 
tests setup, material properties and specimen characteristics are as provided in Figure 4.2 and 
Table 4.1. 
Xiao, Li and Fujikake (2017) carried out tests on 15 slab specimens. 10 of these were with 
circular flat nose impactors. Slab specimens 10F-a and 20F-e were considered for assessment of 
whether slab specimens punched or not under dynamic loading. 10F-a test used a 200kg mass, 
with 7.67ms-2 initial velocity and an impactor diameter of 100mm. 20F-e test used a 500kg mass, 
with a 3.07ms-2 initial velocity and an impactor diameter of 200mm. A detailed description of 
material properties and specimen characteristics are as provided in Figure 4.2 and Table 4.1. 
No scabbing and very limited penetrations were observed in slabs TH2, TH6 and TH7 after first 
impact. No punching shear failure was observed in slabs of the TH test series. However, residual 
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mid-point flexural displacements after first impact were recorded; the values of 0.0027m, 
0.0062m and 0.0026m were reported for TH2, TH6 and TH7 respectively. TH2 was reported to 
have no mass penetration after impact but developed some localized concrete spalling within the 
impact region on the top of the slab. TH6 was reported to have developed localized penetration 
within the impact region measuring about 0.003mm. The case was however different in slab No. 
3 where significant penetration and punching of the slab was reported. Slab specimen 10F-a was 
reported to have punched after impact, whereas slab 20F-e did not punch.  
4.2.2 Numerical modelling using solid finite elements  
Dynamic explicit non-linear FE analyses were carried out on selected slab specimens using the 
software package LS-DYNA. Modelling of concrete and reinforcement bars were carried out as 
explained in Section 3.2.1 of this thesis. In addition, the “FE” input parameter in the Winfrith 
concrete material model was adjusted to take into account strain-rate effects. Input for this 
parameter is considered as the crack width at which crack-normal tensile stress becomes zero, 
when carrying out a pseudo-static analysis; but the tensile fracture energy when carrying out a 
dynamic analysis with material strain rate considerations. The tensile fracture energy material 
property was read from the “d3hsp” file generated on use of *MAT_CSCM_CONCRETE before 
it was introduced into *MAT_WINFRITH_ CONCRETE. Impactors were modelled using the 
weights and the impactor material properties provided in literatures. Contact was established 
between the impactor and the slab using the keyword *CONTACT_AUTOMATIC 
_SURFACE_TO_SURFACE. This defines a contact interface in a three-dimensional model 
based on the static coefficients of friction, dynamic coefficients of friction and the relative 
velocity of the surfaces in contact. Initial velocity of the impactor was specified using the 
keyword *INITIAL_ VELOCITY. Erosion was incorporated into solid elements using the 
maximum principal strain at failure and the shear strain at failure. However, the removal of 
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elements (erosion) was defined when only one of these two conditions were met. An erosion 
parameter value of 0.02 was found to give reasonable predictions of damage in concrete (Ulaeto 
& Sagaseta, 2017b). The value of 0.02 was adopted because only initial failure of the slabs 
(dynamic punching) was of interest, rather than the value of 1.0 adopted in Chapter 3 of this 
thesis for cases where disconnection of the slab after post-punching was of interest.   
Table 4.1: Specimen and material details 
 
Slab 
Specimen 
𝑓’𝑐 
(MPa) 
𝐸𝑐𝑠 
(GPa) 
𝑓𝑦 
(MPa) 
𝑓𝑢 
(MPa) 
𝐸𝑠 
(GPa) 
𝜌1 
% 
Reinforcing 
bar/ 
spacing 
(mm) 
Impact 
Mass 
(kg) 
Impact 
Velocity 
(ms-1) 
 
Slab No. 3  60.0 - 560 600 210 0.60 Y6/ 60 98.7 6.5  
TH2  69.4 36.8 489 597 193 0.42 No.3/ 130 150 8.0  
TH6 59.0 32.0 489 597 193 0.27 No.3/ 200 150 8.0  
TH7 60.3 34.6 439 564 201 0.59 10M/ 130 150 8.0  
10F-a 42.3 - 576 655 - 0.39 Y10/ 130 200 7.67  
20F-e 42.3 - 576 655 - 0.39 Y10/ 130 500 3.07  
    
Chapter 4 
 
124 
(a)  
(b)  
Figure 4.2: Slab physical characteristics: (a) Tests (dimensions in mm), (b) Typical FE 
model of slab specimens (10F-a) 
 
 
Concrete slab  
Steel 
reinforcement 
Restraints 
Ulaeto N.W. PhD Thesis 
125 
4.2.3 Combined analytical-numerical approach 
An approach which combined both analytical and numerical methods for the assessment of 
dynamic punching in cases of low velocity impact was developed and applied to test specimens 
assessed. In this approach, the dynamic load rotation response curve was obtained numerically 
rather than analytically (Micallef et al., 2014). In the numerical approach adopted here, the global 
dynamic flexural response of the slab was obtained using shell finite elements. Shell elements 
do not capture punching shear failure, so punching shear failure was assessed in this case by 
finding the intersection of the dynamic flexural load-rotation curve with the punching failure 
criterion obtained analytically using Equation 3.36 from the CSCT. This represented a novel 
approach for the assessment of damage developed in RC slabs subjected to drop weight impact 
which follows a similar philosophy to the one proposed for quasi-static loading in the Level of 
Approximation IV of the Model Code 2010 (fib, 2012a) and Micallef et al. (2014) for impact 
loading. Micallef et al. (2014) presented an analytical model where a dynamic load rotation curve 
was derived using a single degree of freedom system. This analytical model was further validated 
with tests from Xiao, Li and Fujikake (2017) (Sagaseta & Ulaeto, 2018). A key assumption 
adopted in the analytical derivation of the load rotation curve in Micallef et al. (2014) is the 
concept of reduced effective span, 𝑙𝑒𝑓𝑓, developed at higher deformation modes primarily due to 
inertia effects (Figure 4.3a). This is similar to that discussed for beams in Cotsovos (2010). 
Increases in loading rate reduces 𝑙𝑒𝑓𝑓, which leads to stiffer load-rotation curves as observed in 
Figure 4.3b.  
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Figure 4.3: Moments on activation of higher deformation mode (Ulaeto & Sagaseta, 
2017a) 
Advantages of the combined approach proposed here over purely numerical approaches include 
simplicity in the FE modelling and ease of interpretation of the results. Over the purely analytical 
approaches, the combined approach allows for consideration of alternative geometries (such as 
irregular shapes of slab and impacting objects) with different mass distributions allowing it 
estimate more accurately the activation of higher modes of deformation. In addition, complex 
slab support conditions (supports which may not be easily categorised as fixed or simply 
supported) are better modelled using the combined approach than the purely analytical approach.  
The proposed combined approach was applied to slab specimens TH2, TH6, TH7 and No. 3. 
Mesh sizes, mesh aspect ratios, contact details and support conditions adopted were the same as 
those used in solid models. The shell elements were defined as layered elements using the 
keyword *PART_COMPOSITE. This keyword allowed for easy definition of properties of 
layers of composite parts, sections and integration rules using a single interface. For each 
composite layer, a material ID was provided which specified the defined material for that layer. 
Materials were defined using the material model *MAT_CONCRETE_EC2 defined in LS-
DYNA for concrete and reinforcement. The *MAT_CONCRETE_EC2 material model includes 
concrete cracking in tension and crushing in compression. It also includes reinforcement yield, 
hardening and failure. Material data and relationships governing behaviour in the 
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*MAT_CONCRETE_EC2 were based on the Eurocode 2 (CEN, 2014b).  Material strain-rate 
effects were considered in the shell FE analysis through enhanced material properties obtained 
from relationships provided in Model Code 2010 (fib, 2012a). Approximated values of strain-
rates of around 20s-1 were used. These were estimated from the FE models using solid elements. 
The explicit solver in LSDYNA was used for this analysis. 
4.2.4 Results of dynamic punching assessment 
Numerical modelling using solid finite elements 
Results of drop weight impact assessments focused primarily on dynamic punching shear failure 
of slabs and mid-point displacement responses. FE simulations showed that slabs TH2, TH6 and 
TH7 did not fail in punching. This was as observed in tests. Local penetration and spalling were 
predicted by the FE models around the impact regions which were consistent with reports by 
Hrynyk and Vecchio (2014). Figure 4.4 shows that the FE model using solid elements captured 
punching correctly for slab No.3; the numerical predictions also showed some local spalling of 
the concrete around the impact region. Punching was generally observed to occur at the very 
early stages of impact (contact phase). Fracture of some top reinforcement bars were predicted 
numerically and were consistent with test observations for slab No.3. Numerical responses 
obtained for slab specimens 10F-a and 20F-e gave predictions of dynamic punching shear failure 
and no failure respectively. These are as shown in Figure 4.5a and Figure 4.5b respectively.
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(a)  (b) 
(c)  (d)   
Figure 4.4: Local damage on Slab No.3 (a) top face (Chen & May, 2009), (b) bottom 
face (Chen & May, 2009), (c) top face (F.E), (d) bottom face (F.E) 
(a)  (b)  
Figure 4.5: Numerical prediction of dynamic punching shear failure: (a) Failure in 
slab specimen 10F-a, (b) No failure in slab specimen 20F-e      
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Figure 4.6: Dynamic equilibrium in slab TH2 
Impact force, total reaction force and inertial force obtained from numerical results of slab TH2 
are as shown in Figure 4.6. The impact force was obtained numerically as the product of the 
impactor mass and its rigid body acceleration, whereas the total reaction force was obtained 
directly from FE analysis. The total inertial force was obtained as the product of slab mass and 
its rigid body acceleration. The dynamic balance between these three parameters can be observed 
in Figure 4.6. For the first 0.003s (contact phase) the dynamic reactions were zero and the impact 
force was fully balanced by the inertial forces. The impact force reduced at the end of the contact 
stage; inertial forces developed during the free vibration phase were equilibrated by reaction 
forces. 
Numerical simulations also gave good predictions of mid-point displacements especially at the 
contact time, as shown in Figure 4.7. Peak mid-point displacement obtained experimentally for 
slab TH2 was 0.0132m. This compared well with 0.0114m obtained numerically using solid 
elements. Though mid-point displacements obtained numerically using solid finite elements 
compared well with those of tests, numerical results were slightly underestimated. Generally, 
Chapter 4 
 
130 
differences of about 15-20% in peak mid-point displacements were obtained numerically using 
solid elements for slabs of the TH series.  
(a)        (b)    
(c)  
Figure 4.7: Comparison of displacement-time response (a) TH2 (b) TH6 (c) TH7 
Numerical modelling using shell finite elements 
FE models incorporating shell elements were found to give better predictions of time-
displacement responses relative to FE models with solid elements. Both approaches gave 
responses which were in phase with those obtained from tests at peak displacement, as shown in 
Figure 4.7. Figure 4.8 shows the displacement profile of slab TH2 along the width of the slab for 
the peak positive and negative displacements. Spurious localized deformations at the contact 
regions were observed in models with shell elements. Such localized deformations were 
unrealistic, though they had no influence on estimations of slab rotation outside the impact 
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region. In dynamic cases, the load-rotation curve at the contact phase was obtained using the 
concept of “effective length” (Micallef et al., 2014) between points of contra-flexure, 𝑟𝑠𝑜, as 
defined in Figure 4.3.  The distance between points of contra-flexure, 2𝑟𝑠𝑜, was obtained directly 
from the shell modelled slabs at 0.041s and 0.048s as shown in Figure 4.9a and Figure 4.9b for 
slab specimens TH2 and test No.3 respectively. The points of contra-flexure were obtained 
before the contact times. Values of 0.36m and 0.08m were obtained from the FE for 𝑟𝑠𝑜  for TH2 
and No.3 respectively. At the post-contact phase, 𝑟𝑠  was taken to be half the span of the slab. 
Load-rotation curves for slabs TH2 and No. 3 are as shown in Figure 4.10a and Figure 4.10b 
respectively. As expected, the load-rotation curve of slab TH2 did not intersect the failure 
criterion (punching did not occur) whereas this was not the case for No.3 where punching was 
observed experimentally. 
 
Figure 4.8: Slab displaced shapes at peak positive and negative displacement (TH2) 
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(a)  (b)  
Figure 4.9: Determination of rso based on points of contra-flexure of moments: (a) TH2  
(b) Test No.3 
(a)  (b)   
Figure 4.10: Dynamic punching shear failure assessment: (a) TH2 (Hrynyk and 
Vecchio, 2014) (b) Test No.3 (Chen & May, 2009) 
4.3 System modelling of flat slab structures 
Response of flat slab systems after an initial local failure involves the activation and interaction 
of several mechanisms in the dynamic domain. Flexural, punching shear, post-punching shear, 
compressive membrane action and tensile membrane action have been identified as various 
mechanism which could influence slab system response. Use of slab-column connection 
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subsystems, cannot take into consideration membrane forces, especially tensile membrane forces 
developed after failure of the connection. To adequately model the flat slab system response 
numerically, it is important to adequately take into consideration these mechanisms as well as 
their possible influence on each other. However, due to limitations in the computing tools and 
time available, simplified slab system models are adopted which either considers a single stage 
of response or ignores certain mechanisms (Liu, 2014; and Olmati et al., 2017). Numerical 
models capable of simulating slab system response beyond the first stage of response are 
important since slab system capacity as well as connection capacities, gravity load redistribution, 
interaction of mechanisms considered, horizontal and vertical damage propagation could all be 
assessed.  
A numerical approach for the assessment of the dynamic response of flat slab systems after an 
initial local failure is presented in this section. The sudden column removal scenario is adopted 
for the simulation of initial local failure of an internal column (or connection). To effectively 
capture punching shear and post-punching shear mechanisms, and also reduce the computation 
time needed to analyse the flat slab system model, a three-dimensional consideration of stresses 
and strains around the column was made by explicitly modelling concrete and reinforcement 
around the connections, while the rest of the area of the flat slab (the slab span) was modelled 
using two-dimensional shell elements. This is as shown in Figure 4.11a. Explicit modelling of 
connections was carried out at a slab area, within a distance of 6𝑑 from the face of each column. 
Experimental investigations (Habibi et al., 2012; and Ruiz, Mirzaei and Muttoni, 2013) showed 
that this distance was sufficient to capture punching shear and peak post-punching shear 
response. Use of two-dimensional shell elements are adequate in modelling flexural and 
membrane responses expected in the span regions. Adoption of this approach to modelling of 
the flat slab system is expected to considerably reduce the computation time needed to analyse 
the flat slab system model. Columns at the connections were modelled with stubs 0.1m thick 
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(Figure 4.11b) below the slab and restrained (horizontally and vertically) at the bottom only. 
This simulated column thickness and moment transfer from the slab to the column.                                                                                                                                                                                                                                                                       
(a)   
(b)  
Figure 4.11: (a) Quarter Flat slab system model using solid and shell elements (b) 
Section through connection region 
The approaches adopted for the numerical modelling of the flexural, punching shear and post-
punching response of slab-column connections using solid and beam elements is as presented in 
Section 3.2.1 of this Thesis. The same approach was applied in the modelling of the connection 
region of the flat slab system. The 8-noded hexagonal element and the material model 84 
(*MAT_ WINFRITH_CONCRETE) were used in the modelling of concrete at the connection 
region. The one-dimensional beam element, the Hughes-Liu beam element formulation and the 
Material model 3 (*MAT_PLASTIC_KINEMATIC) were used to model embedded steel 
reinforcement bars at the connection region. Bond between solid and beam elements was 
simulated using the *CONSTRAINED_LAGRANGE_IN_SOLID keyword. Using Test P0 
(Malvar, 1992), the *CONSTRAINED_LAGRANGE_IN_SOLID keyword was observed to 
provide good prediction of bond stress – bar displacement relationship (Figure 3.5).  
Column to 
be removed Solid modelled 
area 
Shell 
modelled 
area 
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Results of sensitivity studies presented in Section 3.2.3 of this thesis showed that a solid element 
length of 0.01m and an element depth to slab depth ratio of 0.167 gave good predictions of 
flexural and punching shear responses. These solid element characteristics were adopted for a 
slab area within a distance of 2𝑑 from the face of the column, where shear stresses are most 
critical at the slab-column connections.  
The *PART_COMPOSITE element formulation was adopted for the slab span region which was 
modelled using shell elements. This shell element formulation was defined with 5 layers. Two 
layers represented concrete covers (above and below). Another two layers represented a smeared 
combination of concrete and reinforcement provided in both orthogonal directions. The final 
layer represented concrete at the slabs centre, between the top and bottom reinforcements. 
Materials properties for concrete and reinforcement were defined using the *MAT_ 
CONCRETE_EC2 material model. Smeared combination of concrete and reinforcement for each 
layer was defined as a fraction of the sectional area. The *MAT_CONCRETE_EC2 material 
model includes concrete cracking in tension and crushing in compression. It also includes 
reinforcement yield, hardening and failure. Material data and relationships governing behaviour 
are based on the Eurocode 2 (CEN, 2014b). These element formulation and material models 
were also as adopted in Olmati et al. (2017). Approach adopted in coupling of solid elements 
used in the connection area, to shell elements used in the span area is discussed in Section 4.3.1 
below. 
4.3.1 Solid-shell interface coupling 
Solid-shell interface coupling was needed to allow for transfer of moments, shear and membrane 
forces between the shell modelled span region and the explicitly modelled connection region. 
Interfaces between solid and shell elements were modelled such that they shared the same nodes 
at their points of contact. However, this alone did not allow for the required rigidity to transfer 
bending moments and shear forces from the shell modelled span region to the explicitly modelled 
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support region. The LS-DYNA keyword *CONSTRAINED_ NODAL_RIGID_BODY was 
adopted to solve this problem. This keyword allows for constant displacement and rotation of a 
rigid body about a principal node (PNODE). The PNODE was modelled to be located at the rigid 
body’s mass centre (Figure 4.12). Rigid bodies’ mass centred was at half the overall slab depth 
(h).  
 
Figure 4.12: Solid-shell interface 
When applied to the solid-shell interface, the interface allowed for the constant rotation and 
displacement of the coupling plane over the depth of the slab, enabling the transfer of shear 
forces and bending moments from the shell element to the solid and beam elements through the 
rigid body elements. As shown in Figure 4.13b, “Constrained Nodal Rigid Bodies” were also 
connected to beam elements close to them. This allowed for a uniform distribution of stresses in 
the solid and beam elements around the interface. 
Comparison of flexural, punching shear and post-punching shear responses using the isolated 
slab specimen PM4 (Ruiz, Mirzaei and Muttoni, 2013) showed that models with only solid 
elements and those with the solid-shell interface coupling, gave similar results in terms of the 
punching shear strength, residual shear strength after punching and peak post-punching shear 
strength, as shown in Figure 4.13c. Thus, showing that the coupling technique adopted was 
satisfactory as long as the shell elements were located far enough from the region of the 
connection experiencing severe spalling and breaking concrete around the reinforcement. 
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Results of numerical modelling of all isolated slab specimens assessed are presented and 
discussed in Chapter 3 of this thesis. 
 (a)         
(b)        
(c)   
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(d)  
Figure 4.13: Comparison of an isolated slab specimen PM4 (Ruiz et al., 2013) with and 
without solid-shell coupling: (a) mesh discretization; (b) beam, shell and rigid body 
elements (c) flexural, punching shear and post-punching response (d) damage contour of 
punching shear failure from FE model  
4.3.2 Flat slab case study: structural configuration and restraints 
Numerical investigations were carried out into the response of a flat slab structural system with 
the aim of understanding the contribution of various mechanisms to the overall behaviour. These 
investigations were limited to internal columns. Hence, a quarter sub-system model representing 
the internal column region of a flat slab structural system was adopted. Model adopted was a 
quarter flab slab system with edge boundary restraints modelled to depict those of the internal 
span regions of a continuous slab. This model as well as the edge boundary restraints are as 
shown in Figure 4.14. 
Support end 
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Figure 4.14: Model of continuous flat slab system 
4.3.3 Designed flat slab system 
Flexure and punching shear 
A pilot flat slab was designed using the Eurocode 2 (CEN, 2014b) recommendations. 
Conventional span length, column width, overall slab depth (The Concrete Society, 2007) and 
loading (CEN, 2010b) were used. Slab physical characteristics and material properties are as 
presented in Table 4.2. 
Design results and slab strength characteristics are as presented in Punching shear resistance, 
𝑉𝑅𝑑,𝑐, of the connections were calculated using Equation 4.1 (CEN, 2014b); 
𝑉𝑅𝑑,𝑐.  𝐸𝐶2 = 𝐶𝑅𝑑,𝑐𝑘(100𝜌𝑙𝑓𝑐𝑘)
1 3⁄    ≥   𝑉𝑚𝑖𝑛     (𝑓𝑐𝑘 𝑖𝑠 𝑖𝑛 𝑀𝑃𝑎) ... eqn. 4.1 
where,      𝑘 = 1 + √
200
𝑑
     ≤ 2.0             (𝑑 𝑖𝑠 𝑖𝑛 𝑚𝑚) ... eqn. 4.2 
𝜌𝑙 = √𝜌𝑙𝑦 . 𝜌𝑙𝑧        ≤ 0.02  ... eqn. 4.3 
 and,          𝑉𝑚𝑖𝑛 = 0.035𝑘
3/2𝑓𝑐𝑘
1/2
  ... eqn. 4.4 
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Table 4.3. The flat slab was designed such that the punching shear resistance of the slab was 
higher than the design load, even without the consideration of punching shear reinforcement. To 
satisfy the requirements of the Eurocode 2 (CEN, 2014b), 70% of negative moment was 
apportioned to the column strip of the slab and 50% percent of positive moment apportioned to 
the column strip. For the flat slab case which was designed without provision of integrity 
reinforcement, two 10mm bars of bottom nominal reinforcement were passed through the 
column cores in each orthogonal direction. Detailed information on the design process is as 
provided in Appendix A. Details of steel reinforcement detailing is as shown in Figure 4.15a. 
The design approach adopted was similar to that presented in The Concrete Society (2007). 
      Table 4.2:  Slab physical characteristics and material properties 
Characteristic Value Unit 
Span, 𝐿 6.8 m 
Column strip width 3.4 m 
Slab overall depth, ℎ 0.275 m 
Nominal cover, 𝑐1  0.03 m 
Flexural reinforcement bar diameter adopted, ɸ  0.012 m 
Average effective depth, 𝑑 0.233 m 
Concrete compressive strength, 𝑓𝑐 30 MPa 
Concrete tensile strength, 𝑓𝑐𝑡 2.355 MPa 
Yield strength of steel reinforcement, 𝑓𝑦 500 MPa 
Ultimate strength of steel reinforcement, 𝑓𝑢 540 MPa 
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Punching shear resistance, 𝑉𝑅𝑑,𝑐, of the connections were calculated using Equation 4.1 (CEN, 
2014b); 
𝑉𝑅𝑑,𝑐.  𝐸𝐶2 = 𝐶𝑅𝑑,𝑐𝑘(100𝜌𝑙𝑓𝑐𝑘)
1 3⁄    ≥   𝑉𝑚𝑖𝑛     (𝑓𝑐𝑘 𝑖𝑠 𝑖𝑛 𝑀𝑃𝑎) ... eqn. 4.1 
where,      𝑘 = 1 + √
200
𝑑
     ≤ 2.0             (𝑑 𝑖𝑠 𝑖𝑛 𝑚𝑚) ... eqn. 4.2 
𝜌𝑙 = √𝜌𝑙𝑦 . 𝜌𝑙𝑧        ≤ 0.02  ... eqn. 4.3 
 and,          𝑉𝑚𝑖𝑛 = 0.035𝑘
3/2𝑓𝑐𝑘
1/2
  ... eqn. 4.4 
 
 
Table 4.3: Design results and slab strength characteristics 
Characteristic Value Unit 
Total dead load 8944  Nm-2 
Imposed load 3000  Nm-2 
Design load 16575 (766.4 per bay) Nm-2 (KN) 
Design moment 
(middle of interior span) 
315.2 KNm 
Flexural reinforcement provided, 𝝆𝒔𝒑𝒂𝒏  
(interior span) 
0.44 % 
Design moment 
(interior support) 
525.3 KNm 
Flexural reinforcement provided𝝆𝒔𝒖𝒑𝒑𝒐𝒓𝒕,  
(interior support) 
0.53  % 
Punching Shear Strength (Demand-capacity ratio): 
Eurocode 2 
ACI 318 (2011) 
MC2010: LOA II 
 
873.3 (0.9) 
965.3 (0.8) 
883.0 (0.9) 
 
KN 
KN 
KN 
F.E (Isolated slab specimen) 920.0 (0.8) KN 
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The recommended value for 𝐶𝑅𝑑,𝑐  is 0.18/𝛾𝑐. Parameters 𝝆𝑙𝑦  and 𝝆𝑙𝑦  are related to the bonded 
flexural reinforcement in the two orthogonal directions. They were calculated by taking the mean 
values of ratio of reinforcement provided within a slab width of (𝑐 + 6𝑑). Where 𝑐 is the column 
width and 𝑑 is the slab effective depth. Relationships from other codes, Model Code 2010 (fib, 
2012a) and ACI 318 (ACI, 2011a), used for the purpose of comparisons in Punching shear 
resistance, 𝑉𝑅𝑑,𝑐, of the connections were calculated using Equation 4.1 (CEN, 2014b); 
𝑉𝑅𝑑,𝑐.  𝐸𝐶2 = 𝐶𝑅𝑑,𝑐𝑘(100𝜌𝑙𝑓𝑐𝑘)
1 3⁄    ≥   𝑉𝑚𝑖𝑛     (𝑓𝑐𝑘 𝑖𝑠 𝑖𝑛 𝑀𝑃𝑎) ... eqn. 4.1 
where,      𝑘 = 1 + √
200
𝑑
     ≤ 2.0             (𝑑 𝑖𝑠 𝑖𝑛 𝑚𝑚) ... eqn. 4.2 
𝜌𝑙 = √𝜌𝑙𝑦 . 𝜌𝑙𝑧        ≤ 0.02  ... eqn. 4.3 
 and,          𝑉𝑚𝑖𝑛 = 0.035𝑘
3/2𝑓𝑐𝑘
1/2
  ... eqn. 4.4 
 
 
Table 4.3 and Figure 4.15b, are as defined in Equations 3.27 to 3.29 and Equation 4.5 
respectively. The control perimeter as adopted in Equation 4.5 of the ACI 318 (ACI, 2011a) was 
calculated at a distance of 0.5𝑑 from the column face.  
Figure 4.15b also shows the overall response of the flat slab connection, when modelled 
numerically as an isolated slab specimen following procedures explained in Section 3.2 of this 
thesis. The connection response in flexure, punching shear, residual punching shear and post-
punching shear strength were comparable to those obtained analytically. Analytical was  
determined using the LoAII formulae of the Model Code 2010 (fib, 2012b) of the critical shear 
crack theory (CSCT). Load rotation curves obtained using the simplified formulae of the CSCT 
(Equation 2.2 and 2.3) have been shown to provide less stiff responses than those obtained 
through test and the equations based on the quadrilinear moment-curvature relationship 
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(Muttoni, 2008). Peak values of punching shear strength were also comparable to those obtained 
using code based formulae (Equation 2.2 and 2.3) and peak post-punching shear resistances was 
30% higher than that obtained using the relationship of Ruiz, Mirzaei and Muttoni (2013) as 
shown in Figure 4.15b. State of reinforcements present in the slab specimens are as shown in 
Figure 4.15b, prior to punching shear failure and at the drop in strength during the post-punching 
shear phase. 
𝑉𝑅𝑑,𝑐.  𝐴𝐶𝐼 = 0.33√𝑓𝑐 . 𝑏𝑜𝑑   ... eqn. 4.5 
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(a)   
(b)  
Figure 4.15: (a) Steel reinforcement detail for slab; (b) Response of column-slab 
connection (modelled as isolated slab) 
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Horizontal internal tie force 
Flexural reinforcement provided satisfied the 20KNm-1 horizontal internal tie force requirements 
of the Eurocode 2 (CEN, 2014b), without the consideration of bottom nominal reinforcement 
around connections or integrity reinforcement. Calculation gave an average value of 566KNm-1. 
It has been shown that large deformation is required for the activation of tensile membrane action 
in flat slabs (Sagaseta et al., 2017).  Sagaseta, Ulaeto and Russell (2017) also showed flat slab 
connections tend to fail in punching shear before attaining the large deformations required for 
activation of tensile membrane action. This is because after punching shear failure, spalling of 
concrete around these reinforcement makes them ineffective in development of the required tie 
force (Mitchell and Willliam, 1984; and Ruiz, Mirzaei and Muttoni, 2013).  
Integrity reinforcement 
For cases with designed integrity reinforcement, the required area of integrity steel reinforcement 
to be provided was assessed using codes provisions (Mitchell and Willliam, 1984; ACI, 2011b; 
CSA, 2004; and fib, 2012). These expressions are as defined in Chapter 2 of this Thesis. It must 
be mentioned that the purpose of integrity reinforcement as stated in codes is to hang the slab 
over the column in cases of initial damage, hence preventing horizontal or vertical propagation 
of failure (ACI, 2011b; CSA, 2004; and fib, 2012). The Model code 2010 (fib, 2012a) specifies 
that the design shear used for calculation of the require area of integrity reinforcement be 
calculated on the basis of an accidental situation with the objective of preventing progressive 
collapse. However, Equation 4.6 (ASCE, 2010) requires that the factored uniformly distributed 
load, 𝑤𝑢, not be less than twice the slab service dead load as explained in Chapter 2 of this 
Thesis. 
𝐴𝑠𝑚 =
0.5𝑤𝑢𝑙1𝑙2
𝜙𝑓𝑦
  ... eqn. 4.6 
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The parameter 𝑤𝑢 is the factored uniformly distributed load which is not expected to be less than 
twice the slab unfactored dead load, 𝑙1 and 𝑙2 are the slab spans in each principal direction and 
Ф is the reduction factor which has a value of 0.9. 
The shear load adopted for the design of integrity reinforcement was 1.25𝑉0. Where 𝑉0 is the 
shear load imposed on the connection prior to column removal and the factor 1.25 represented 
the increase in shear load imposed on the connection due to column removal. Comparison of the 
required area of integrity reinforcement using the various expressions are as shown in Table 4.4, 
where the parameter V was calculated using the frequent load combination of the Eurocode 0 
(CEN, 2010a). For the ACI 352.1R (ACI, 2011b), two times the service dead load, which was 
found to be greater than 1.25D, was used as the shear load imposed on the connection. As 
observed in Table 4.4, ACI 352.1R (ACI, 2011b) required the most area of integrity 
reinforcement  (3492mm2). Formulae of the CSA A23.3-04 (CSA, 2004) and Model Code 2010 
(fib, 2012a) both required 2683mm2 and 2645mm2 areas of integrity reinforcement respectively. 
Provision of 2 number 25mm diameter bars per connection face satisfied the requirements of the 
various code formulae. This was provided to run through the connection in each orthogonal 
direction. Chapter 6 of this thesis provides a detailed assessment on how code recommendations 
on integrity reinforcement influences progressive collapse response of flat slab structures. 
Table 4.4: Area of designed integrity reinforcements 
Source Total area required (mm2) Number of 25mm φ bars 
required per connection face 
Mitchell and Willliam (1984), and 
ACI 352.1R-11 
3492 1.8 
 
CSA A23.3-04 2683 1.3 
 
Model Code 2010 2645 1.3 
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4.3.4 Numerical model of flat slab system 
Mesh discretization 
Numerical modelling of the flat slab system was developed using LS-DYNA. Slab elements, 
column-slab connection configurations and restrain characteristics are as described in Sections 
4.3.1 to 4.3.3. Slab widths of 6𝑑 from connection centre was modelled using solid elements. This 
allows for modelling of the early and full developments of punching shear and post-punching 
mechanisms. Mesh discretization is as shown in Figure 4.16. An element depth to slab depth 
ratio of 0.1667 was adopted after the sensitivity studies carried out (Figure 3.8). An element 
length of 0.01m was used for elements within a distance of 2𝑑 from the column face, while 
elements close to the edge of the slab area modelled with solid elements had an element length 
of 0.1m. In between areas with elements of lengths 0.01 and 0.1m was a transition region where 
element lengths gradually increased from 0.01 to 0.1m. Sensitivity studies (Figure 3.9) showed 
that variations in element length had no effect on the post-punching response of flat slab models. 
Hence, the variation in element sizes in the transition zone will have no influence on the slab’s 
post-punching response. End restraints as presented in Figure 4.14 were applied.  
Damping 
The flat slab system model incorporated explicitly modelled connections. Material models and 
element formulations adopted for both shell and solid elements took into consideration crack 
cracking in concrete. Hence, the system and material model energy dissipation characteristics 
closely represented those of an actual structure. This made the direct consideration of damping 
in the analysis unnecessary. 
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(a)  
 (b)  
Figure 4.16: Finite element mesh discretization: (a) Explicitly modelled connection 
region using solid elements; (b) Entire flat slab model using solid and shell elements 
4.3.5 Modelling of initial local damage 
Adopting a scenario independent approach for the assessment of structural robustness, the 
sudden loss of an internal connection was adopted as the initial local damage. Hence, direct 
influences of any accidental actions (𝐴𝑑) were neglected and only their effect due to damage on 
the structure were taken into consideration. Influence of time of complete removal of a column 
have been reported to have significant effect on the response of structures (Liu, Buick, & 
Andrew, 2005). Explosion tests carried out on actual reinforced concrete framed buildings by 
Sasani, Bazan and Sagiroglu (2007) and Sasani and Sagiroglu (2010) showed different effects 
K 
K 
0.1 m 
Column to be 
removed 
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of explosions on the internal column of reinforced concrete structures. While a total column loss 
was observed in the former, a partial loss resulted in the latter. A column removal time of 0.002s 
was adopted by Keyvani, Sasani and Mirzaei (2014) and Kazemi-moghaddam and Sasani (2015) 
for a reinforced concrete flat slab and a reinforced concrete framed structure, respectively. This 
value was based on an analytical investigation carried out by Sasani, Bazan and Sagiroglu 
(2007). However, Liu, Buick and Andrew (2005) showed numerically that there was no 
significant change in the response of steel framed structures with column removal times below 
0.01s, a time domain common with blast loading cases. Column removal time equal to a single 
analyses time step was adopted in investigations by Szyniszewski and Krauthammer, (2012) and 
Olmati et al. (2017). A similar assumption was adopted in this thesis, giving a connection 
removal time of 1.12x10-6s. Such small column removal time presents a worst-case scenario in 
the assumption of a sudden column loss. On LS-DYNA this was modelled by deleting elements 
around the supported area at the appropriate time step.  
Eurocode 0 (CEN, 2010a) recommendations were adopted for loading combinations for 
accidental situations for the flat slab sub-system for assessment after an initial local damage. 
Equation 4.7, presented in the Eurocode 0 (CEN, 2010a) as Equation 6.11a for the determination 
of the design value of the effects of accidental actions (Ed) was adopted.  
𝐸𝑑 =∑𝐺𝑘,𝑗
𝑗≥1
+ 𝑃 + 𝐴𝑑 + (𝜓1,1 𝑜𝑟 𝜓2,1)𝑄𝑘,1 +∑𝜓2,𝑖𝑄𝑘,𝑖
𝑖>1
             … 𝑒𝑞𝑛. 4.7 
Considering a scenario independent approach, Ad was taken to be 0. Due to the absence of 
prestressing action, the parameter 𝑃 was also taken to be to zero. 𝐺𝑘 and 𝑄𝑘 represented the 
characteristic permanent and variable loads respectively. Factors for frequent and quasi-
permanent values of variable action, 𝜓1 and 𝜓2, were ascribed values of 0.5 and 0.3 respectively 
(CEN, 2010a) for residential and office areas. Similar load combination factors are used in codes 
such as the UFC 04-023-03 (DoD, 2013), GSA (2016) and ASCE (2010), for accidental cases. 
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For slab system with designed integrity reinforcement, gravity loads were obtained using load 
combinations 𝑔𝑘 + 𝜓1𝑞𝑘 and 1.2(𝑔𝑘 + 𝑞𝑘). Both load combinations were selected to assess 
ability of the numerical model to predict different possible responses.  
Slab dead and live loads were applied as a factor of the slab self-weight. This gave the total 
gravity load. The flat slab system was loaded by gradually increasing gravity load to its desired 
value for 5 seconds after which the gravity load was kept constant for 1 second. This aimed to 
reduce any dynamic response developed during the loading process. At the sixth second the 
connection A1 was removed and the slab response observed. For the slab system with gravity 
load, 1.2(𝑔𝑘 + 𝑞𝑘), connection A1 was removed at the ninth second.  
4.4 Numerical results of slab system response  
4.4.1 System response without integrity reinforcement  
For the system without integrity reinforcement, a numerical assessment using FE with the 
proposed solid-shell model was carried out. The frequent (𝜓1), quasi-permanent (𝜓2) and 
permanent (𝜓 = 0) factors were also used. For slab cases with frequent and quasi-permanent 
loadings, sudden removal of the internal column led to the punching shear failure of the opposite 
connections (A2 and B1) as shown in Figure 4.17 and Figure 4.18.  Punching shear failure was 
then propagated horizontally to other connections, which led to a progressive collapse of the 
entire slab system (with vertical propagation of damage) as shown by the sudden large 
displacement of the slab in Figure 4.18. Mechanisms activated after redistribution of gravity load 
in 𝜓1 and 𝜓2 included flexural response, compressive membrane action, punching shear failure, 
tensile membrane action and post punching. However, using the permanent load case, no damage 
was observed after column removal.  
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Figure 4.17: Progressive collapse of slab system with frequent load combination 
Displacement-time response at point of column removal 
Displacement-time response at the point of column removal for flat slab subsystem (Figure 4.16) 
with 𝜓1 reduction factor is as shown in Figure 4.18. After the sudden column removal of the 
internal column, displacements of 83.6mm, 75.5mm and 67.0mm were observed for cases with 
frequent, quasi-permanent and permanent load combinations respectively, prior to the possible 
punching of the connection A2 (Figure 4.18). This was followed by some oscillation which 
dampened within about 3s. For the cases with frequent and quasi-permanent loading, this was 
followed by another sudden drop of the slab. This second drop occurred due to failure of 
connections A2 and B1 as well as the propagation of damage to other connections. Figure 4.18 
also shows that time at which the opposite connections fail is dependent on the amount of gravity 
load imposed on the slab. 
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Figure 4.18: Displacement-time curve at point of column removal under different levels 
of gravity loading (frequent, quasi-permanent and permanent) 
Gravity load redistribution 
Gravity load redistribution as observed for frequent, quasi-permanent and permanent load cases 
showed that load initially carried at the removed connection was redistributed to the closest 
connections (A2 and B1). For the frequent load case, peak dynamic vertical reactions of 663KN 
were obtained at these connections immediately after column removal and prior to their punching 
shear failure. This corresponds to a dynamic load amplification factor (DAF) of 1.2 for the 
frequent load case and is similar to predicted analytical response in Chapter 5. On punching, 
gravity loads from A2 and B1 were redistributed to B2, B3 and C1. This can be observed through 
the drop in vertical reaction for A2 and increases for B2 and A3, in Figure 4.19. Dynamic post-
punching responses were sudden, with very steep increases up to peak post-punching shear 
responses (Figure 4.19b) when compared to those observed in static cases. As shown in Figure 
4.19 for the frequent load case, the analysis was terminated after 11s after collapse had 
progressed to the last connection (C3). 
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(a)  
(b)  
Figure 4.19: Gravity load redistribution over time for frequent load case: (a) all 
connections (b) connections A2 and B2 
Compressive and tensile membrane action at connection  
Observations showed that membrane forces act throughout the response of flat slab systems and 
that the nature of membrane forces changes from compressive to tensile around a connection, 
well after its failure in punching shear. A section K-K (Figure 4.16a and Figure 4.22) was defined 
through the slab strip at the critical side of connection A2, at a distance of 0.1m from the face of 
the connection. Section K-K was cut over a width of 0.9m from the connection centre as shown 
in Figure 4.22. This gave a total strip width of 1.8m over both sides of the connection. This strip 
was further divided into smaller strips with widths 0.1m each. Average stresses were obtained 
for each solid and beam element along the depth of the section. Considering the 0.9m strip from 
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the centre of the connection gave 9 strips with widths 0.1m each. The first lying on the 
connection’s horizontal axis and the ninth at the outer most end (Figure 4.22).  
Axial forces in top and bottom reinforcements as well as average stresses for groups of elements 
from top to bottom of the first strip, in the horizontal-X direction are shown in Figure 4.20 and 
Figure 4.21 for analysis using the frequent load combination. Stresses were uniformly distributed 
with solid elements at the top in tension and those at the bottom in compression prior to cracking 
of concrete in the tension zone. Beyond this phase of response to the removal of connection A1, 
solid elements in the compression zone experienced steady increases in compressive stress while 
stress in other solid elements fluctuated about the zero value. After the removal of connection 
A1, significant increases in the compressive stresses in elements at the bottom of the section 
were observed. Magnitudes of compressive stresses fluctuated, with the peak compressive stress 
in the bottom most element being 41MPa. This was greater than 30MPa, the quasi-static uniaxial 
compressive strength of concrete. Compressive stresses in these elements then dropped towards 
zero. This sudden drop corresponded with the punching shear failure of the connections A2 and 
B1.  
For top and bottom beam elements (reinforcement bars) in this strip, response at the section 
considered were similar to those of solid elements. However, unlike the solid elements in the 
compression zone, significant tensile stresses were observed in bottom reinforcement after 
punching shear failure of connection A2. This is as shown in Figure 4.21a and Figure 4.21b. 
Bottom reinforcement in this strip failed in tension, with maximum axial stresses above their 
yield value. This showed a change from compressive membrane action to tensile. Top 
reinforcement at the opposite connection also fractured in tension in the post-punching phase 
(time > 9.55s in Figure 4.19). 
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Figure 4.20: Average x-stresses in solid elements in 1st slab strip (frequent load case) 
(a)  (b)  
Figure 4.21: Top and bottom reinforcement of 1st strip (frequent load case): (a) axial 
force, (b) axial stress  
 
Figure 4.22: Location of slab strips 
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The membrane force for each strip was determined as the integral of the average axial forces 
acting on each element layer across its depth. The membrane contribution of each strip is shown 
in Figure 4.23 with the first strip lying by the centre of the connection A2 and the ninth lying 
farther most from the connection. Figure 4.23 shows that slab strips running through or closest 
to the column make the most contribution to compressive and tensile membrane mechanisms. 
The total contribution of two strips at connection A2 with different widths (1m and 1.8m) are 
shown in Figure 4.24. The 1m wide strip was adopted based on observations that reinforcement 
within these regions was more active than reinforcement further out. The 1m wide strip was also 
approximately equal to 0.984m which is the width of the punching shear cone determined 
analytically using Equation 3.19 with 𝑝𝑖 equal to zero. Figure 4.24 shows that though there was 
a significant difference in the compressive membrane contributions of both strip widths after the 
removal of connection A1 up to zero compressive membrane force. No significant difference 
was observed in their peak tensile membrane force.  
Figure 4.18 and Figure 4.24 show the influence of slab displacement on the average compressive 
membrane force developed in the slab after column removal. A reduction in the average 
compressive membrane force due to significant slab displacement is observed. This reduction 
was observed to commence at a slab displacement of 80mm at the point of column removal 
(𝑤𝑐𝑡𝑟). At the time of punching of A2, 𝑤𝑐𝑡𝑟 was 98mm and the average compressive membrane 
force was observed to be reducing towards zero (Figure 4.22 and Figure 4.24). The compressive 
membrane force was zero at 𝑤𝑐𝑡𝑟 equal to 190mm, which is 0.7 of the overall slab depth. It is 
generally accepted that at a state of zero compressive membrane force in continuous flat slabs is 
obtained, when the slab deflection is similar to the slab thickness and the flexural strength 
approaches the unconfined yield line strength (Rankin & Long, 1997). This is believed to occur 
as the horizontal angle of inclination of the compression arch tends to zero. Hence, the punching 
Ulaeto N.W. PhD Thesis 
157 
shear failure of the connection prior to the attainment of the slab’s unconfined yield line strength 
could be responsible for a value of 𝑤𝑐𝑡𝑟 less than ℎ. 
 
Figure 4.23: Membrane force contribution of slab strips (frequent load case) 
 
Figure 4.24: Membrane force developed in slab without integrity reinforcement 
(frequent load case)  
4.4.2 System response with integrity reinforcement 
Model with frequent load combination 
Two flat slab system models were analysed with integrity reinforcement. These were models 
with frequent load case (𝑔𝑘 +𝜓1𝑞𝑘) and that with load combination 1.2(𝑔𝑘 + 𝑞𝑘) which was 
adopted to assess slab system response with failure of integrity reinforcement. The displacement-
time response for these slab system models are as presented in Figure 4.25. The displacement 
was taken at the point of column removal.  
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(a)  
(b)  
Figure 4.25: Progressive collapse arrest as observed with displacement time curves: (a) 
models with integrity reinforcement but different load cases; (b) models with frequent 
load case but with and without integrity reinforcement  
For the frequent load case, removal of connection A1 led to the failure of connections A2 and 
B1 in punching shear at about 11s (Figure 4.26). The lowest observed value of residual punching 
shear strength for connection A2 and B1 was 0.325MN at 13.1s. Drop in gravity load carried by 
these connections led to an increase in the imposed load on B2 (Figure 4.26 and Figure 4.27), 
but punching shear failure of B2 led to activation of post-punching mechanism in A2 and B1. 
Development of the post-punching mechanism at connections A2 and B1 led to arrest of vertical 
failure propagation, which was not the case in the slab systems without integrity reinforcement 
(Figure 4.25b). Contribution of the integrity reinforcement was responsible for this arrest. 
However, punching shear failure was propagated horizontally to all other connections. It was 
observed that although the peak post-punching shear strength of connections A2 and B1 would 
Ulaeto N.W. PhD Thesis 
159 
have been sufficient to prevent the punching of adjacent connections, large deformations were 
needed for the activation of integrity reinforcement to attain such strengths. Such large 
deflections needed to obtain peak post-punching strength resulted in punching of the adjacent 
connections. Therefore, it can be concluded that in this case, higher residual punching shear 
strength and higher deformation capacity of connections were needed to have prevent the 
propagation of punching shear failure horizontally to adjacent connections. It took 2.7 seconds 
for post-punching mechanism in B2 to be activated after its punching shear failure (Figure 4.26), 
due to a reduction in the demand of the system after activation of post-punching mechanism at 
A2 and B1. However, punching shear failure of other connections led to the activation of post-
punching shear resisting actions at B2. No fracture of flexural nor integrity reinforcement was 
observed, though flexural reinforcements close to the critical face of connections A2 and B1 
were observed to have yielded during the post-punching phase of response (Figure 4.25).   
For the slab analysis with load combination 1.2(𝑔𝑘 + 𝑞𝑘), the slab connections simply punched 
after sudden removal of the internal column (no post-punching response observed). As observed 
in Figure 4.23, the area of integrity reinforcement provided had no influence on the response of 
the slab. 
 
Figure 4.26: Connection vertical reaction at A2 and B2 (frequent load case) 
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Figure 4.27: Gravity load redistribution 
 
Figure 4.28: Axial stress in reinforcements in 1st strip 
Compressive and tensile membrane action at connection 
Membrane actions were assessed similarly as in the slab system model without integrity 
reinforcement. Under the frequent load combination, the presence of integrity reinforcement led 
to a stiffer response of the slab-column connections. It was observed that connections A2 and 
B2 in the flat slab model with integrity reinforcement punched at 11s and 13.5s respectively. 
Values of 8.7s and 9.6s were obtained for A2 and B2 respectively in the flat slab without integrity 
reinforcement. This influenced the time of activation of tensile membrane action. Besides this 
delay, membrane response prior to the punching shear failure of connection A2 and B1 was 
similar in numerical models with and without integrity reinforcement. As shown in Figure 4.29, 
significant tensile membrane forces were developed in model with integrity reinforcements. 
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Figure 4.30 shows that a significant percentage of the membrane forces activated were 
contributed by the integrity reinforcements crossing the section. The peak average axial tensile 
stresses in integrity reinforcement was about 90 percent of the yield stress (Figure 4.28). This 
shows that they were close to yielding and it explains why the difference in tensile membrane 
force calculated for 1.8m and 1.0m slab strips for the slab with integrity reinforcement (Figure 
4.29) was quite significant relative to the case without integrity reinforcement (Figure 4.24). 
 
Figure 4.29: Membrane force developed in slab with integrity reinforcement (frequent 
load case) 
 
Figure 4.30: Axial force in reinforcements in 1st strip 
4.5 Conclusions 
Chapter four of this thesis aimed at developing a numerical model capable of simulating the 
response of a flat slab system after the loss of an internal column. A reinforced concrete flat slab 
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system was modelled using a combination of layered shell elements at the spans and solid and 
beam elements at the support. This simulated the three-dimensional failure characteristics of 
punching and post-punching shear. 
The numerical model developed was validated for the dynamic punching shear strength response 
using high mass, low velocity drop-weight impact test. Results obtained both numerically and 
by means of the combined (numerical and analytical) approach were found to be similar to test 
results. 
The response of a flat slab system was analysed after column removal. Assessment was carried 
out under various gravity loading and with or without designed integrity reinforcement. 
Considerations of frequent and quasi-permanent loading without integrity reinforcement led to 
progressive of collapse (that is, horizontally and vertically). However, with the inclusion of 
integrity reinforcement using standard detailing rules, progressive collapse (vertically) was 
arrested through post-punching and tensile membrane mechanisms. Chapter 6 investigates 
further the variability of these results using different design recommendations. Large axial forces 
developed in integrity reinforcement at large deformations which were found to be key towards 
arresting the progression of collapse. Though progressive collapse was resisted using integrity 
reinforcement, it did not stop the horizontal propagation of punching shear failure to adjoining 
connections. Horizontal propagation of punching could be avoided by; 
• improving the punching shear capacity by or, 
• improving the residual punching shear strength and deformation capacity of slab-column 
connections.  
These could be achieved by the use of punching shear reinforcement or bent-up bars.
  
 
 
 
 
 
 
  
Analytical models for progressive collapse 
analyses 
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 Introduction 
Analytical modelling to assess the response of structures in the event of accidental and 
malevolent events have been significantly researched in recent years. For accurate results 
analytical approaches must take into consideration the characteristics of the structural system 
and its connections, possible load transfer mechanisms as well as the influence of dynamic 
loading on these mechanisms. 
Application of energy based analytical approaches have been found useful in demonstrating 
robustness of structures. Energy balance based assessments provide adequate basis for 
determination of work done by gravity loads both in the static and dynamic domains (Izzuddin 
et al., 2008; and Szyniszewski and Krauthammer, 2012)). They are based on the basic principle 
that external work done by gravity load on a structural system must equal the sum of the internal 
(strain) and kinetic energy developed in the system. Progressive collapse is arrested if the strain 
energy can balance the external work done, before the structure reaches a point of stability. The 
Ductility-Centred Robustness Assessment (DRA) developed by (Izzuddin et al., 2008), 
discussed in Chapter 2 of this Thesis, provides a simplistic method for assessment of the dynamic 
response of a structural system after the loss of an internal column. This method requires 
simplification of a multi degree of freedom system to one with a single degree of freedom. Hence, 
it is ideal for cases of sudden column removal (Alternative Load Path Method), where 
displacement at the point of column removal could be adopted as the principal degree of freedom. 
The approach is firstly applied to the slab-column subsystem to assess punching of adjacent 
columns after sudden column removal. This is the first step in the progressive collapse analysis 
looking at the initiation of horizontal propagation of failure. Secondly, the DRA approach is 
applied to the flat slab system to assess the horizontal propagation of failure. This approach will 
consider the post-punching response of the connections by means of the analytical model 
Chapter 5 
165 
presented in Chapter 3. The analytical predictions for the subsystem and system responses will 
be compared to those obtained through dynamic finite element approaches presented in Chapter 
4. 
 Slab-column subsystem response 
5.2.1 Demand capacity ratio of opposite column after column removal 
Redistribution of gravity load to adjoining columns after the sudden loss of an interior column 
raises concern on the ability of these connections to carry such increases in shear demand without 
failing in punching shear. Uncertainties on the response of adjoining connections pose a 
challenge in their assessment. Failure of opposite connections is presented in Equation 5.1 using 
the demand-capacity ratio (𝐷𝑅) after the sudden column removal, where 𝐷𝑅 > 1 leads to 
punching shear failure at the opposite connection and a 𝐷𝑅 < 1 means no punching shear failure. 
𝐷𝑅 = 𝐷𝑅0(∆𝑉𝜆𝑑)∆𝑀∆𝑠
−1 ... eqn. 5.1  
Factors influencing 𝐷𝑅 include the demand capacity ratio prior to the sudden removal of the 
internal connection (𝐷𝑅0), the increase in demand ratio of static shear force at the adjacent 
column after sudden column removal (∆𝑉), the dynamic load amplification factor (𝜆𝑑), the 
moment transfer factor (∆𝑀) and the slenderness factor (∆𝑆). The parameter 𝐷𝑅0 depends on the 
design of the slab and is influenced by slab characteristics such as geometry, column layout and 
loading. Moment transfer factor, ∆𝑀, is considered due to eccentricity developed at connections 
due to uneven spans which influences moment and shear transfer from slabs to columns. The 
slenderness factor, ∆𝑆, captures the reduction in punching shear capacity due to the increase in 
slenderness after column removal. These factors are further discussed in Sections 5.2.2 and 5.2.3. 
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5.2.2 Increase in shear demand (∆𝑽) 
The maximum shear transferred to adjoining connections (opposite and adjacent connections) 
were estimated geometrically from Figure 5.1. Distribution of gravity load to connections both 
prior to and after column loss are as shown. Uniform gravity load, η kNm-2, results in a shear 
force (𝑉) in the slab around the column and a vertical reaction force 𝑃, prior to column removal, 
where 𝑃 = η𝐿𝑥𝐿𝑦. 
Geometric considerations from Figure 5.1, shows that removal of an internal column would lead 
to a vertical reaction force 𝑃 at the opposite columns given by Equation 5.2, with the constant 
∆𝑉 having a value of 1.37. A value of 1.25 will be obtained without the consideration of slab 
continuity, assuming that the load carried by the removed column is transferred equally to the 
four opposite columns and that carried by the adjacent columns remain constant after column 
removal. The latter assumption is commonly adopted in practice (Regan, 1981). 
𝑃 = ∆𝑉𝜂𝐿𝑥𝐿𝑦 ... eqn. 5.2 
Observations based on linear elastic finite element analysis of continuous flat slabs with 
𝐿𝑥 𝐿𝑦⁄ = 1, shows that the value ∆𝑉 varies between 1.33 and 1.35 due to unloading and loading 
of columns in the second row (Sagaseta, Ulaeto and Russell, 2017; and Olmati et al., 2017). 
Using a simple load redistribution model, without consideration of slab continuity as adopted by 
Regan (1981), the vertical reaction at the opposite connection (𝑃𝑂𝑝𝑝) is related to the vertical 
reaction at the adjacent connection (𝑃𝐴𝑑𝑗) using Equation 5.3. The constant 0.8 in Equation 5.3 
represents ∆𝑉
−1
, with ∆𝑉= 1.25. Assuming values of 1.33 and 1.37 for ∆𝑉, give ∆𝑉
−1
equal to 
0.75 and 0.73 respectively. 
𝑃𝐴𝑑𝑗 = 0.8𝑃𝑂𝑝𝑝 ... eqn. 5.3 
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(c)  
Figure 5.1: Geometric response of slab (a) load distribution and redistribution, (b) 
displacement profile, and (c) Influence of column removal on static reaction in 
rectangular column layouts (Sagaseta, Ulaeto and Russell, 2017) 
Parameter ∆𝑉 is significantly influenced by irregular distribution of columns and could be as 
high as 2 with the loss of major load bearing columns Olmati et al. (2017). As described in 
Sagaseta, Ulaeto and Russell (2017), for cases where 𝐿𝑦 𝐿𝑥⁄ > 1.5, a large percentage of load 
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from the removed column is transferred to the nearest column. Relationship between ∆𝑉 and 
𝐿𝑦 𝐿𝑥⁄  is as shown in Figure 5.1c. For cases involving irregular column layouts and uneven 
spans, an elastic analysis can be adopted to assess ∆𝑉. 
5.2.3 Moment transfer and slenderness effects (∆𝑴 and ∆𝑺) 
It has been established that for a symmetrically loaded and supported flat slab system 
(𝐿𝑦 𝐿𝑥⁄ = 1), loss of an internal column carried out statically, leads to a 33-35% increase in load 
borne by opposite columns (Sagaseta, Ulaeto and Russell, 2017), in addition to unbalanced 
moments and shear resulting from asymmetry in loading and support conditions (uneven spans) 
after column removal. As observed in Chapter 3 of this thesis, asymmetry leads to reductions in 
connection punching shear capacity. This is taken into account by the parameter ∆𝑀 in Equation 
5.1. Reduction in connection shear capacities coupled with increases in shear demand make 
adjoining flat slab connections susceptible to punching shear failure after the loss of an internal 
column. Hence, increasing susceptibility of the flat slab system to progressive collapse. 
To analytically model the response of a flat slab connection, adequate understanding of 
connection behaviour at the various phases of response is needed as well as models capable of 
predicting these responses. Flexural response up to asymmetric punching shear failure could be 
obtained using the load rotation formulae (Equation 5.4) provided in the Model Code 2010 (fib, 
2012a). 
𝜓 = 1.5
𝑟𝑠
𝑑
𝑓𝑦𝑑
𝐸𝑠
(
𝑚𝐸𝑑
𝑚𝑅𝑑
)
1.5
 ... eqn. 5.4
Chapter 5 
169 
 
Figure 5.2:  Influence of 𝐫𝐬 𝐝⁄  on slab-
column load rotation response 
 
Figure 5.3:  Influence of 𝐤𝐞 on punching 
failure-criterion (CSCT)
 
Figure 5.4: Influence of column removal on distribution of shear forces along control 
perimeter at 0.5d from column face for Ly/Lx= 1.5 according to shear field analysis 
(Sagaseta, Ulaeto and Russell, 2017)  
The influence of change in slab slenderness (𝑟𝑠/𝑑) on punching shear strength could be easily 
considered with the Critical Shear Crack Theory (CSCT) due to its theoretical basis. The term 
𝑟𝑠 𝑑⁄  in Equation 5.4 takes into consideration slab slenderness. The distance from the support 
to the point of zero radial moment, is denoted by 𝑟𝑠, (𝑟𝑠0 ≈ 0.22𝐿0). Increases in 𝑟𝑠 lead to 
increases in slab slenderness which brings about large slab rotations close to the column. This 
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is observed in Figure 5.2 after removal of an internal column of a flat slab system (𝑓𝑐
′ =
30𝑀𝑃𝑎, 𝑓𝑦 = 500𝑀𝑃𝑎, 𝜌𝑥 = 0.5%, and 𝑙0 = 6𝑚). Significant increases in slab slenderness 
leads to reduction in slab punching shear capacity (Figure 5.2). Reduction in slab punching 
shear capacity is taken into consideration by the factor ∆𝑆 in Equation 5.1. An assessment of a 
typical UK office building with slenderness (0.22𝑙/𝑑) of about 5, by Sagaseta, Ulaeto and 
Russell (2017) gave values of 0.80 and 0.9 for ∆𝑆, for slab-column connections with and 
without punching shear reinforcements respectively (𝜌𝑓𝑙𝑒𝑥. = 1.5%). 
In Equation 5.4, the parameter, 𝑚𝐸𝑑, denotes the average moment per unit length in the support 
strip, in the direction considered. Moment transfer effects (∆𝑀) are taken into consideration 
using 𝑚𝐸𝑑, which can be obtained using Equation 5.5 for internal columns. 
𝑚𝐸𝑑 = 𝑉𝐸𝑑 (
1
8
+
|𝑒𝑢.𝑖|
2𝑏𝑠
) =
𝑉𝐸𝑑
𝑘
  ... eqn. 5.5 
The parameter, 𝑒𝑢.𝑖 is the eccentricity of the resultant shear forces in the direction investigated, 
with respect to the centroid of the basic control perimeter. Width of the support strip is denoted 
by 𝑏𝑠 which is equal to 1.5√𝑟𝑠𝑥𝑟𝑠𝑦  ≤ 𝐿𝑚𝑖𝑛, where parameters 𝑟𝑠𝑥 and 𝑟𝑠𝑦 are distances from 
the column centre to the elastic line of contra-flexure in the orthogonal axes, x and y, 
respectively. Where 𝑒𝑢.𝑖 is very small, 𝑘 = 8. The flexural response was limited to the lower 
of the flexural and punching shear capacities of the connections. While the flexural strength 
(𝑉𝑓𝑙𝑒𝑥) could be easily determined using the yield line method, the punching shear capacity can 
be determined by the intersection of the CSCT failure criterion and load rotation curve. The 
failure criterion curve for connections without punching shear reinforcement is obtained using 
Equation 5.6. 
𝑉𝑅 = 𝑉𝑅.𝑐 =
1
1.5+0.9(
32
16+𝑑𝑔
)𝜓𝑑
.
√𝑓𝑐𝑘
𝛾𝑐
𝑏0𝑑𝑣 ... eqn. 5.6
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The parameter 𝑉𝑅.𝑐 is the punching shear resistance of the connection without punching shear 
reinforcement, 𝑑𝑔 is the maximum aggregate size, 𝜓 is the slab rotation close to the column, 𝑑 
is the mean value of the slab effective depth, 𝑓𝑐𝑘 is the characteristic strength of concrete, 𝛾𝑐 is 
the material partial safety factor, 𝑏0 is the shear resisting control perimeter, 𝑑𝑣 is the shear 
resisting effective depth of the slab. 
Uneven spans developed after loss of an internal column also influences the distribution of 
shear around the column.  For this new geometric state, the length of the shear resisting 
perimeter is calculated to take into consideration the redistribution of shear forces along the 
control perimeter (Figure 5.4) leading to a shift in the failure criterion, as shown in Figure 5.3 
for a slab with Ly/Lx = 1.5. Application of the coefficient of eccentricity (𝑘𝑒) to the reduced 
basic control perimeter (𝑏1.𝑟𝑒𝑑) gives the shear resisting control perimeter (𝑏0), with which the 
failure criterion curve could be obtained using Equation 5.6. The shear resisting control 
perimeter and coefficient of eccentricity can be calculated using Equations 5.7 and 5.8 
respectively obtained from the Model Code 2010 (fib, 2012a). 
𝑏𝑜 = 𝑘𝑒𝑏1.𝑟𝑒𝑑  ... eqn. 5.7 
𝑘𝑒 =
1
1+
𝑒𝑢
𝑏𝑢
⁄
  ... eqn. 5.8 
Where the parameter 𝑒𝑢 is the eccentricity of the resultant shear forces with respect to the 
centroid of the basic control perimeter and 𝑏𝑢 is the diameter of a circle with the same surface 
as the region inside the basic control perimeter. Increases in eccentricity reduces 𝑘𝑒 which leads 
to reductions in slab capacity as shown in Figure 5.3, after removal of an internal column in a 
flat slab system (𝑓𝑐
′ = 30𝑀𝑃𝑎, 𝑓𝑦 = 500𝑀𝑃𝑎, 𝜌𝑥 = 0.5%, and 𝑙0 = 6𝑚). Olmati et al. (2017) 
reported a value of 0.85 for 𝑘𝑒, after the sudden removal of an internal column in a flat slab 
structure. 
Ulaeto N.W. PhD Thesis 
172 
5.2.4 Column removal under constant gravity loading 
The alternative load path approach in robustness design using the sudden column removal 
scenario is carried out with a constant gravity load imposed on the structure. Equation 5.9 
provides a basis for the static nonlinear modelling of response of a flat slab connection from 
zero loading to a shear load 𝑉0 due to the gravity load at which column removal is assessed and 
finally to a shear load 𝑉1 due to redistribution of gravity load after the notional removal of the 
interior column, with the constant gravity load. 
𝜓 = 1.5 (
𝑟𝑠1
𝑑
) (
𝑓𝑦
𝐸𝑠
) (
𝑉−0.37𝑉𝑜
𝑘𝑚𝑅
)
3 2⁄
          ,⩝ 𝑉 > 𝑉𝑜 ... eqn. 5.9 
The parameter 𝑉 in Equation 5.9 represents a shear load at the connection assessed for a given 
quantity of gravity load. Prior to column removal, shear 𝑉 is less than 𝑉𝑜. Hence, the 
expressions (𝑟𝑠1 𝑑⁄ ) and (𝑉 − 0.37𝑉𝑜) are replaced with (𝑟𝑠0 𝑑⁄ ) and 𝑉 respectively, at this 
stage. Connection response based on Equation 5.9 is as shown in Figure 5.5. Similar responses 
were obtained by (Olmati et al., 2017) using finite element method. As shown in Figure 5.6, 
observed quasi-static response after column removal under gravity load (frequent load 
combination of the Eurocode 2), corresponding to a shear load of 𝑉0 at the slab-column 
connection led to reduced stiffness of the connection as well as increased shear load (∆𝑉𝑉0) at 
the connection. A difference in shear load of ≈0.37𝑉𝑜 (Figure 5.5) between the quasi-static load 
rotation curve after column removal (Equation 5.9) and the load rotation curve (Equation 5.4), 
obtained using 𝑟𝑠1 𝑑⁄  is obtained analytically.   
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Figure 5.5:  Change in connection 
stiffness after column removal at gravity 
loading with induced shear 𝐕𝟎 
 
Figure 5.6:  Shear demand vs. slab 
rotation in a column removal case with 
quasi-static load (Olmati et al., 2017)
5.2.5 Slab-column compatibility relationship  
A compatibility relationship was needed between the slab rotations near the column region (𝜓) 
used in the punching shear formulation and the vertical displacement (𝑤𝑐𝑡𝑟.) at the point of 
column removal, in other to apply energy balance principles. For the purpose of assessing the 
response of the slab-column subsystem after loss of an internal column, the load-rotation 
relationship was obtained using Equation 5.9. Hence, the slab rotation in the direction of the 
longest span from the opposite connection was a vital parameter for the assessment of the 
connection response prior to punching shear failure; according to Equation 5.4, the column 
reaction is proportional to 𝜓
2
3⁄ . Slab rotation is influenced by the percentage of sagging and 
hogging reinforcement provided at the support and mid-span of slabs due to moment 
redistribution. Hence, an exact response could be obtained using a higher level of 
approximation such as the LoA IV in Model Code 2010 (fib, 2012a). Numerical investigation 
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by Tassinari (2011) on idealized flat slab models showed that at loadings higher than those 
required to cause elastic flexural cracking in concrete (𝑉𝑓𝑙𝑒𝑥.𝑐𝑟𝑘 ≈
1
3
𝑉𝑓𝑙𝑒𝑥), slab rotation (𝜓) 
increases significantly up to a maximum close to the column region. On reaching this 
maximum, rotation remains relatively constant before decreasing gradually to zero at slab mid-
span. This is as shown in Figure 5.7, where slab rotation from column faces to mid-spans of 
four continuous flat slabs adopted by Tassinari (2011) in a parametric study are presented. 
Table 5.1 show characteristics of flat slab models adopted. The compatibility relationship 
between the slab-column sub-system and the flat slab system (Figure 5.8) was obtained as 
𝑤𝑐𝑡𝑟 ≈ 1.5𝐿0𝜓. Basis for this simplified relationship is as shown in Figure 5.8 and has been 
verified against experimental and numerical results for continuous slabs with different hogging 
and sagging reinforcement ratios (Einpaul, 2016; and Sagaseta, Ulaeto and Russell, 2017).    
 
Figure 5.7: Slab rotation at distances from column centre (Tassinari, 2011) 
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 Table 5.1: Properties of flat slab models 
 
 
 
 
 
Figure 5.8: Single degree of freedom approximation 
5.2.6 Application of the Ductility-Centred Robustness Assessment (DRA) 
To determine the dynamic effects of internal connection loss on the slab-column subsystem, 
the Ductility-Centred Robustness Assessment Framework (DRA) (Izzuddin et al., 2007; and 
Izzuddin and Nethercot, 2009) was adopted. The DRA provides a framework for assessment 
of the dynamic response of structures after the sudden loss of a column. Its application to steel 
frame high-rise buildings has been established (Vlassis et al., 2008). The DRA adopts a three-
staged approach in its assessment. These include: determination of the nonlinear static response 
of the damaged structure; application of a simplified dynamic assessment using Equation 5.10 
for the determination of dynamic response; and the ductility assessment of connections. 
𝑃𝑑𝑦𝑛 =
1
𝑤𝑐𝑡𝑟.𝑑𝑦𝑛
∫ 𝑃𝑠𝑡𝑎𝑡 𝑑𝑤𝑐𝑡𝑟.𝑑
𝑤𝑐𝑡𝑟.𝑑𝑦𝑛
0
 ... eqn. 5.10 
The DRA assumes that the maximum dynamic response of a structure, after the sudden 
application of static gravity load (𝑃𝑠𝑡𝑎𝑡), can be estimated from its nonlinear static response. 
That is, 𝑃𝑑𝑦𝑛 = 𝜆𝑑𝑃𝑠𝑡𝑎𝑡 , where 𝑃𝑑𝑦𝑛 is the static equivalent of the dynamic response and 𝜆𝑑 is 
Slab 𝜌ℎ𝑜𝑔 % 𝜌𝑠𝑎𝑔 % 𝑉𝑓𝑙𝑒𝑥 (kNm/m) 
PD150 1.50 0.30 1607 
PD105 1.05 0.42 1607 
PD075 0.75 0.50 1607 
PD030 0.30 0.73 1607 
h = 0.25m, d = 0.2m, c = 0.26m, fc = 40MPa, 
fs = 550MPa, lx =ly = 6m 
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the dynamic load amplification factor. The parameter 𝑤𝑐𝑡𝑟.𝑑𝑦𝑛 is the maximum dynamic 
displacement. The parameter 𝜆𝑑 takes into consideration the dynamic component of the gravity 
load transferred to the adjoining columns due to the sudden removal of the internal column. 
Figure 5.9 shows relationship between the nonlinear static and pseudo-static responses of the 
slab-column connection as well as the various parameters adopted in the investigation, where 
𝑤𝑐𝑡𝑟 represents displacement at the point of column loss. In addition to the dynamic 
amplification of the support reaction forces, a dynamic amplification of the slab deformations 
also occurs. Figure 5.9a shows that based on energy balance considerations (that is, strain 
energy in red equal to potential energy in blue), a system with a linear elastic response leads to 
a dynamic displacement amplification factor (𝜆𝑤) of 2 after a sudden column loss. However, 
considering a parabolic response as discussed in Section 5.2.5, a dynamic displacement 
amplification factor of 2.15 would be obtained up to a static gravity load and slab displacement 
of 𝑃𝑙𝑖𝑚 and 𝑤𝑐𝑡𝑟.𝑙𝑖𝑚 respectively, where significant plastic response of the connection does not 
occur as shown in Figure 5.9b. Beyond this limit (𝑃𝑠𝑡𝑎𝑡 > 𝑃𝑙𝑖𝑚.𝑝𝑠), increased gravity load leads 
to significant plastic deformation of the slab, leading to significant increase in 𝜆𝑤. This increase 
results as the system tries to establish a balance between the internal strain energy and external 
work done by gravity loads as shown in the shaded areas of Figure 5.9b. With the energy 
balance assessment, the pseudo-static response could be obtained, which gives the maximum 
deflection achieved after dynamic amplification for different values of the gravity load applied. 
With a tendency for flat slab connections to punch under dynamic loading, the pseudo-static 
response was transformed from a load-displacement response (𝑃𝑠𝑡𝑎𝑡 , 𝑤𝑐𝑡𝑟.𝑑𝑦𝑛) to a column 
shear load-rotation response (𝑉, 𝜓𝑝𝑠) using Equation 5.11.  
𝜓𝑝𝑠 = 𝜓0 + 𝜆𝑤(𝜓 − 𝜓0) ... eqn. 5.11 
 
Chapter 5 
177 
(a)  (b)  
Figure 5.9: Pseudo-static response based on the DRA approach (B. A. Izzuddin et al., 
2007)- (a) linear elastic response; and (b) proposed parabolic-plastic response 
Equation 5.11 was derived by applying the energy-based principles to the static response (V, 𝜓) 
of Equation 5.4. The parameter 𝜓0 is the slab rotation close to the column as shown in Figure 
5.1, assessed prior to loss of the adjoining internal column using Equation 5.9. The energy-
based principles were applied by multiplying the difference in slab rotation (𝜓 − 𝜓𝑜) by 𝜆𝑢, to 
calculate the dynamic amplification of the rotation. This gave the pseudo-static rotation as 
shown in Equation 5.12. 
𝜓𝑝𝑠 = 1.5 (𝜆𝑤
𝑟𝑠1
𝑑
) (
𝑓𝑦
𝐸𝑠
) [(
𝑉−0.37𝑉𝑜
𝑘𝑚𝑅
)
3 2⁄
−
(𝜆𝑤−1)
2𝜆𝑤
(
𝑉𝑜
𝑘𝑚𝑅
)
3 2⁄
]   ,⩝ 𝑉 > 𝑉𝑜 ... eqn. 
5.12 
As with 𝑤𝑐𝑡𝑟.𝑙𝑖𝑚, 𝜆𝑤 has a value of 2.15 within the limit 𝜓𝑝𝑠 ≤ 𝜓𝑙𝑖𝑚, where 𝜓𝑙𝑖𝑚 is the rotation 
at a point close to the column when the displacement at the point of column loss is 𝑤𝑙𝑖𝑚. 
However, where 𝜓𝑝𝑠 > 𝜓𝑙𝑖𝑚, the value of 𝜆𝑤 increases significantly. This increase could be 
easily obtained from energy balance considerations from which is obtained. 
𝜆𝑤 =
𝜓𝑝𝑠
5 3⁄
[𝜓𝑝𝑠𝜓𝑙𝑖𝑚
2/3
−0.4𝜓𝑙𝑖𝑚
5/3
]
3 2⁄           ,⩝ 𝜓𝑝𝑠 > 𝜓𝑙𝑖𝑚 ... eqn. 5.13 
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The use of 𝜆𝑤 for either 𝑤𝑐𝑡𝑟 or 𝜓 is justified on the basis of the linear relationship between 
them as discussed in Section 5.2.5. The dynamic load amplification factor 𝜆𝑑 expressed in 
Equation 5.14 was derived from Equations 5.9 and 5.12 as shown in Figure 5.10. 
 
Figure 5.10: Relationship between static and dynamic response after column removal 
  Equation 5.14 is limited to responses where 𝜆𝑑𝑉 < 𝑉𝑙𝑖𝑚  (i.e, 𝜓𝑝𝑠 < 𝜓𝑙𝑖𝑚), where 𝜆𝑤 is 2.15. 
𝜆𝑑 = 0.37
𝑉𝑜
𝑉
+ [𝜆𝑤 (1 − 0.37
𝑉𝑜
𝑉
)
3 2⁄
−
(𝜆𝑤−1)
2
(
𝑉𝑜
𝑉
)
3 2⁄
]
2
3
   ... eqn. 5.14 
 𝑤ℎ𝑒𝑟𝑒,              𝑉𝑜 < 𝑉 < 𝑉𝑙𝑖𝑚 𝜆𝑑⁄  
For cases where 𝜓𝑝𝑠 ≥ 𝜓𝑙𝑖𝑚 (i.e, 𝜆𝑑𝑉 ≥ 𝑉𝑙𝑖𝑚), the dynamic load factor is 𝜆𝑑 = 𝑉𝑙𝑖𝑚 𝑉⁄ . The 
dynamic load factor at the plastic region decreases significantly (as seen at 𝑃𝑠𝑡𝑎𝑡.2, in Figure 
5.9b), tending towards a value of one for cases without the consideration of tensile membrane 
action. For typical cases of sudden internal column removal where ∆𝑉= 1.33, 𝜆𝑑 ≈ 1.24. Tests 
by Russell, Owen and Hajirasouliha (2015) gave values of 𝜆𝑑 equal to 1.35, while a value of 
1.3 was observed in finite element investigations by Olmati et al. (2017). These observed 
values were obtained prior to punching shear failure of the slab. Activation of tensile membrane 
action would lead to a significant increase in 𝜆𝑑 (Izzuddin & Nethercot, 2009). Though in most 
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practical cases, punching shear failure of the connection would occur before the flat slab 
reaches the deformation required for activation of tensile membrane action.  
Ductility assessment for analytical modelling of the slab-column connection subsystem was 
carried out without consideration of post-punching shear mechanisms. The flow diagram 
presented in Figure 5.12, with the aid of Figure 5.11, shows the process for determination of 
the response of a flat slab connection while also taking into consideration the ductility of the 
connection. The Ductility-centred robustness approach (DRA) here stated could be easily 
adopted for analysis of sudden removal of corner or edge columns by revising Equations 5.2, 
5.10 and 5.12 accordingly. The proposed DRA was developed without consideration of 
compressive membrane action (CMA). However, use of Equation 2.15 (Einpaul, 2016) for 
consideration of confinement developed due to flexural deformation around the connection 
assessed would provide a conservative estimate of the influence of compressive membrane 
action on load rotation response obtained using Equations 5.9 and 5.12. CMA could also be 
potentially considered in these equations as in-plane stresses similar to pre-stressing stresses.    
 
Figure 5.11: Proposed approach for punching assessment of sudden column removal 
based on the CSCT and pseudo-static response from DRA 
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Figure 5.12: Flow chart for proposed simplified analytical assessment of punching 
adjoining column after sudden removal of interior column 
5.2.7 Results of application of DRA to connection subsystem  
Opposite connection response characteristics after the loss of an internal column were assessed 
using flat slab system described in Section 4.3.3 of this thesis. Response characteristics based 
on the demand-capacity ratio are as shown in Table 5.2. Using the same flat slab system for 
each load assessment, 𝐷𝑅𝑜 was the influencing factor. The various parameters were obtained 
using the LoA II of the CSCT. 
For all cases of loading considered in Table 5.2 (frequent, quasi-permanent and permanent load 
cases), the opposite connection was predicted to fail in punching after sudden column removal. 
Though this is not necessarily common when compared to flat slab buildings designed in 
practice, it was observed here due to the reasons explained below. 
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 Table 5.2: Opposite connection response characteristics 
Parameter 𝑔𝑘 𝑔𝑘 + 𝜓2𝑞𝑘 𝑔𝑘 + 𝜓1𝑞𝑘 𝑔𝑘 + 𝜓1𝑞𝑘 * 
𝐷𝑅𝑜 0.48 0.53 0.56 0.30 
𝛥𝑉 1.25 1.25 1.25 1.70 
𝛥𝑀 1.51 1.51 1.51 1.15 
𝛥𝑆 0.80 0.80 0.80 0.85 
𝐷𝑅 1.36 1.50 1.59 0.90 
𝜆𝑑 1.22 1.19 1.17 1.38 
*(𝑓𝑐
′ = 30𝑀𝑃𝑎, 𝑓𝑦 = 500𝑀𝑃𝑎, 𝜌𝑥 = 0.96%, 𝜌𝑦 = 1.27%, 𝐴𝑠𝑤 = 863𝑚𝑚
2, 
 𝑔𝑘 = 1𝑘𝑁𝑚
2, 𝑞𝑘 = 4𝑘𝑁𝑚
2, 𝑙𝑥 = 6𝑚 and 𝑙𝑦 = 12𝑚, Olmati et. al. (2017)). 
(Quasi-permanent load, 𝜓2=0.3; frequent load, 𝜓1=0.5; EN1990 and EN1991-
1-7). 
Firstly, the proposed connection sub-system approach did not take into consideration 
compressive membrane action (CMA). For the case study considered, the opposite columns 
were well confined by adjoining slab panels. Hence, confinement provided by adjoining slab 
panels would increase the flexural and punching shear resistance of the opposite connections 
assessed, possibly preventing their punching shear failure. Influence of CMA on response of 
flat slab connections is not fully understood by engineers and researchers. It is dependent on 
the level and nature of confinement provided by adjoining slab panels as well as secondary 
structural elements such as shear walls and edge beams, which contribute to the lateral stiffness 
of the structure. Hence, the proposed connection subsystem assessment approach provides a 
safe, lower bound response for internal flat slab connections after the sudden removal of an 
internal column. Influence of CMA on the response of a flat slab system after a sudden column 
loss, assuming a self-confining slab, is presented and discussed in Section 5.3.4 of this Thesis. 
Secondly, the case study investigated was designed for punching shear and flexure without 
consideration of possible loss of internal column. It was designed with a demand to capacity 
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ratio (𝐷𝑅0) of 0.9 (considering Eurocode 2 punching shear resistance as shown in Punching 
shear resistance, 𝑉𝑅𝑑,𝑐, of the connections were calculated using Equation 4.1 (CEN, 2014b); 
𝑉𝑅𝑑,𝑐.  𝐸𝐶2 = 𝐶𝑅𝑑,𝑐𝑘(100𝜌𝑙𝑓𝑐𝑘)
1 3⁄    ≥   𝑉𝑚𝑖𝑛     (𝑓𝑐𝑘 𝑖𝑠 𝑖𝑛 𝑀𝑃𝑎) ... eqn. 4.1 
where,      𝑘 = 1 + √
200
𝑑
     ≤ 2.0             (𝑑 𝑖𝑠 𝑖𝑛 𝑚𝑚) ... eqn. 4.2 
𝜌𝑙 = √𝜌𝑙𝑦 . 𝜌𝑙𝑧        ≤ 0.02  ... eqn. 4.3 
 and,          𝑉𝑚𝑖𝑛 = 0.035𝑘
3/2𝑓𝑐𝑘
1/2
  ... eqn. 4.4 
 
 
Table 4.3). This provides very little tolerance for additional loads imposed on opposite 
connections after the loss of an internal connection. In addition, the case study considered did 
not incorporate punching shear reinforcement. Reserve resistance in real structures leads to 
higher capacities. Such reserve resistance could result from conservative considerations in the 
provision of areas of flexural reinforcement, provision of punching shear reinforcement and 
direct considerations of nominal loss of an internal column. Assessment of response of a real 
flat slab office building by Olmati et al. (2017) showed that after the loss of an internal column, 
the punching shear failure of adjoining connections and hence, progressive collapse of the 
structure, were resisted. In this case, 𝐷𝑅𝑜 = 0.3, for the frequent load combination (𝑔𝑘 +
𝜓1𝑞𝑘), as shown in Table 5.2. 
Connection demand and capacity are presented in Figure 5.13 using the proposed approach for 
connection subsystem assessment. It is observed that the static increase in column reaction due 
to redistribution (∆𝑉= 𝑉1 𝑉0⁄ = 1.25), would lead to punching shear failure of the connection 
under frequent loading, 𝑔𝑘 + 𝜓1𝑞𝑘, though  𝛥𝑉𝑉0 is less than 𝑉𝑅 prior to column loss. Punching 
shear failure under this gravity load was primarily due to the influences of 𝛥𝑀 and 𝛥𝑆. With 
Chapter 5 
183 
the consideration of dynamic effects through the pseudo-static response curve, punching shear 
failure was predicted to have occurred under the three gravity loads considered. The case with 
only permanent load would not punch if the column was removed gradually (no dynamic 
effect), however, Figure 5.13a shows in this case that dynamic amplification would result in 
punching if the column was removed suddenly. 
Predictions of punching shear failure of opposite connections after the sudden loss of an 
internal connection were in agreement with those of dynamic FE analyses where punching 
shear failure were observed at the opposite connections. Though dynamic FE analyses provided 
information on the propagation of punching and possible collapse propagation (horizontally 
and vertically), the proposed DRA approach applied to connection subsystems only provides 
information on the response of the opposite connections after the sudden loss of an internal 
connection. To assess damage propagation after sudden column loss, assessment of a slab 
system is needed and is as presented in Section 5.3. 
 (a)   (b)  
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(c)  
Figure 5.13: Application of proposed DRA approach to connection subsystem (a) 
𝐠𝐤 (permanent) (b)  𝐠𝐤 +𝛙𝟐𝐪𝐤 (quasi-permanent) (c) 𝐠𝐤 +𝛙𝟏𝐪𝐤 (frequent) 
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 Flat slab system response  
The response of the flat slab system is assessed with the aim of understanding analytically, the 
influence of the global response characteristics such as gravity load redistribution, slab 
deformation, punching shear and post-punching shear, compressive membrane action and 
dynamic effects after the sudden loss of an internal column. Assessment of failure propagation 
was limited to the slab area bounded by connections, surrounding the lost internal column 
shown in Figure 5.1a. The flat slab system used in the case study in Chapter 4 was also adopted 
here. 
The sections below present the deformation modes adopted in the assessment of the response 
of slab-column connections surrounding the bay of the removed column. Compatibility 
relationships were adopted to relate the local slab-column subsystem response to the global flat 
slab system response. With this compatibility relationships, a global analytical static nonlinear 
response was obtained which was compared to the non-linear static response obtained 
numerically. Application of the simplified dynamic assessment (Izzuddin et al., 2008) to the 
global static response gave the system dynamic response.  
5.3.1 Deformation modes 
Punching shear failure has been identified to be a dominating failure mode for most flat slab 
structures. Horizontal propagation of punching shear failure beyond the connection of initial 
failure has been observed in most cases of progressive collapse involving flat slab structures. 
Some of such cases include the partial collapse of the Pipers Row Car Park; collapse of the 16-
story, 2000 Commonwealth Avenue; collapse of the 26 story Skyline Plaza apartment building; 
collapse of the 5 story Harbor Cay Condominium; collapse of the Gretzenbach under-ground 
parking garage in Switzerland; collapse of an indoor parking garage in St-Laurent, Quebec;  
and collapse of the 5 story Sampoong Departmental Store. Hence, the adoption of horizontal 
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propagation of failure (flexural and punching shear) from one connection to other adjoining 
connections as the dominating system failure mode. Other possible but uncommon system 
failure modes which could result due to progressive collapse are flexural failure of corner 
columns (as observed in the Pipers Row Car park case), flexural and shear failures of slabs. 
Progression of horizontal failure propagation will lead to sudden increases in vertical 
displacement, which may result in impact of the falling slab on the lower lying one. 
 
Figure 5.14: Deformation modes at stages of horizontal failure propagation (Quarter 
flat slab system model)  
For the floor area of the flat slab system considered, three stages of horizontal failure 
propagation were adopted. Deformation modes corresponding to these three stages of 
horizontal failure propagation considered are as shown in Figure 5.14. The first deformation 
mode considers the slab system response after internal column removal prior to the punching 
shear failure of the opposite column. Flexure is the primary response mode of the adjoining 
connections as the slab deforms to establish a new state of equilibrium. At the second 
deformation mode the opposite connection has failed in punching shear with the activation of 
post-punching resistance. Vertical displacement at the opposite connection is 𝑤𝑐𝑡𝑟.𝑜𝑝𝑝.2 while 
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that at the point of column removal is 𝑤𝑐𝑡𝑟.2 at this stage of response. The third deformation 
mode considers the stage at which both the opposite and adjacent connections have failed in 
punching shear. While the opposite connection is at an advanced stage of its post-punching 
response the adjacent connection is activated at this stage and gravity load is redistributed to 
other adjoining columns. Compatibility considerations for the various deformation modes are 
as presented in the section below. 
5.3.2 Flat slab system compatibility  
Compatibility considerations for the flat slab system were desired. These took into 
consideration the three deformation modes presented.  
Deformation mode 1 
Determination of slab displacment at the point of column removal, wctr, at various levels of 
loading, up to the punching shear failure of the opposite connections, is the objective in 
deformation mode 1 (Figure 5.14). For Flat slab systems, slab continuity makes it important to 
take into consideration the distribution of flexural reinforcement at both the span and the 
connection regions, in the prediction of slab response. Moment and deformation characteristics 
of a continuous flat system at the point of development of a flexural plateau (1.0𝑉𝑓𝑙𝑒𝑥) are as 
shown in Figure 5.15. These characteristics are shown from the centre of support to the point 
𝑟𝑠𝑙𝑎𝑏 which represents the radius of the continous slab element (Jurgen Einpaul, 2016). For a 
conventional flat slab system, 𝑟𝑠𝑙𝑎𝑏 = 0.7𝑙0. Radial curvature (𝜒𝑟)  is observed to drops 
significantly from the column face to values below zero at the line of contraflexion (𝑟𝑠) from 
which it remains fairly constant to the slab mid-span. 
Changes in slab rotation along slab span has been briefly discussed in Section 5.2.5, Figure 
5.15 also shows that slab rotation increases significantly close to the column, remains constant 
at distances of about 2d to 4d from the column face (Guandalini, 2005) before decreasing to 
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zero at mid-span. However, parametric studies conducted (Figure 5.7) also showed the 
influence of percentage of reinforcement provided at mid-span (𝜌𝑠𝑎𝑔) and at the support (𝜌ℎ𝑜𝑔) 
on slab rotation. With 𝜌ℎ𝑜𝑔 𝜌𝑠𝑎𝑔⁄ = 5 slab rotation was observed to remain constant up to a 
distance of 0.32𝐿0 from the column centre but a distance of 0.17𝐿0for 𝜌ℎ𝑜𝑔 𝜌𝑠𝑎𝑔⁄ = 0.41. 
Increment in slab displacement (𝛿𝑤) is also observed in Figure 5.15 to increase significantly 
close to the column from large values of 𝛿𝑤 close to the column to relatively smaller values of 
𝛿𝑤 close to mid-span. 
 
Figure 5.15: Moments and deformations in a continous slab element at development of 
a flexural plateau (Jurgen Einpaul, 2016) 
A relationship 𝑤𝑐𝑡𝑟 ≈ 1.5𝐿0𝜓 had been established between slab displacement at mid-span 
(𝑤𝑐𝑡𝑟) and the slab rotation close to the column (𝜓) for slab-column subsystems in Section 
5.2.5 of this thesis. However, to consider for the influence of different percentage flexural 
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reinforcement provided both at the spans and support as well as level of loading on the flat 
slab, the more general expression given by Equation 5.15 is adopted. 
𝑤𝑐𝑡𝑟 = 𝜍𝜉𝐿0𝜓  ... eqn. 5.15 
The parameter 𝜓 is the slab rotation obtained with Equation 5.4. The compatibility constant 𝜍 
is the ratio of displacement at the mid-span to that at a point close to the column where rotation 
remains constant. This region was found to be ≈ 0.14𝐿0 from the centre of the column for the 
four flat slab models assessed by Tassinari (2011) in a parametric study. Figure 5.16 shows the 
relationship between 𝜍 and 𝜌ℎ𝑜𝑔 𝜌𝑠𝑎𝑔⁄  at a loading of 0.9𝑉𝑓𝑙𝑒𝑥. This linear relationship was 
could be approximated using Equation 5.16. 
𝜍 = [2.0 (
𝜌ℎ𝑜𝑔
𝜌𝑠𝑎𝑔
) + 6.5] ... eqn. 5.16 
The compatibility constant 𝜍 was found to increase significantly at the linear elastic phase of 
slab response (Figure 5.17). After flexural elastic cracking of concrete, 𝜍 was observed to 
plateau up to the slab’s flexural capacity. This is as shown in Figure 5.17. The parameter 𝜉 
represents the loading parameter and is given by Equation 5.17. 
𝜉 = 0.28𝑓  ... eqn. 5.17 
Where 𝑓 is the ratio of the shear load to the flexural capacity of the slab (𝑉 𝑉𝑓𝑙𝑒𝑥⁄ ). In Figure 
5.17 it is observed that 𝜍 could be predicted at values for which 𝑓 is greater than 𝑉𝑓𝑙𝑒𝑥.𝑐𝑟𝑘/𝑉𝑓𝑙𝑒𝑥, 
using the expression; 
𝜍𝑓 = 𝑓 [2.0 (
𝜌ℎ𝑜𝑔
𝜌𝑠𝑎𝑔
) + 6.5]  ... eqn. 5.18 
with 𝑓 having a constant value of 0.32. Using a constant value of 0.32 for 𝑓 is justified by the 
fact that at early stages of loading (𝑉𝑓𝑙𝑒𝑥 < 𝑉𝑓𝑙𝑒𝑥.𝑐𝑟𝑘), slab elastic response leads to very small 
displacements. Hence, the initial linear increasing phase of 𝜍 could be neglected and a constant 
value adopted for 𝜍 adopted. 
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Figure 5.16: Relationship between 𝛓 and 𝛒𝐡𝐨𝐠 𝛒𝐬𝐚𝐠⁄  
 
Figure 5.17: Relationship between 𝛓 and 𝐟 
Comparison of the load displacement curve obtained through numerical study and Equation 
5.15 are shown in Figure 5.18. Characteristics of the slab models used in this parametric 
assessment are as presented in Table 5.1. Equation 5.15 gave good predictions of the slab 
displacement at mid-span up to load level of 0.9𝑉𝑓𝑙𝑒𝑥 which was the maximum available from 
numerical analyses. Percentage differences between numerical results and those obtained from 
Equation 5.6 at 0.9𝑉𝑓𝑙𝑒𝑥 were 1%, 19% and 18% for slabs PD150, PD105 and PD075 
(Tassinari, 2011) respectively. Slab PD030 however gave a difference of more than 100% 
between numerical values of displacement and those obtained using Equation 5.15. This 
difference was due to sensitivity of Equation 5.4 to very low percentages of hogging 
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reinforcement (Tassinari, 2011). Such low levels of reinforcement ratios are not applicable in 
practice. 
 (a)  (b)   
(c)  (d)  
Figure 5.18: Comparison between numerical prediction of displacement at the mid-
span and Equation 5.15 
Equation 5.15 can also be applied to cases of column removal in slabs of equal orthogonal 
span. In such cases, percentage area of reinforcement provided at the bottom of the strip, around 
the removed column would be considered as 𝜌𝑠𝑎𝑔. Experimental study on static removal of an 
internal column was carried out by Yi et al. (2014), where the support of an internal column of 
a two spanned flat slab was gradually removed. Flat slab tested was designed with the Chinese 
standard (GB-50009, 2001) and had equal orthogonal spans measuring 2.564m, with 0.5m 
cantilevers on all sides. The slab was reported to be 0.09m thick and supported on 0.213m 
square columns. Concrete compressive strength was reported to be 39.5MPa (cube strength) 
and a yield stress of 452MPa for steel reinforcements used. Steel reinforcements used were 
0.0065m in diameter and embedded in a 0.01m cover. Top and bottom reinforcement at the 
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region of the columns were of 0.07m and 0.12m spacings. Slab displacement, 𝑤𝑐𝑡𝑟, was 
measured at the point of internal column removal. Comparison of results of static column 
removal at the various stages of loading were compared to those obtained using Equation 5.15. 
This is as shown in Figure 5.19. A percentage difference of 0.05% and 11% was calculated for 
displacement at 0.5𝑉𝑓𝑙𝑒𝑥 and 𝑉𝑓𝑙𝑒𝑥 between test result and that of Equation 5.15. Maximum 
shear load at the opposite connections after static internal column removal was calculated to 
be 122kN. This corresponded to a slab static load carrying capacity of 20.5kNm-2 at the internal 
slab area, after column removal (Yi et al., 2014). 
 
Figure 5.19: Comparison between test prediction of displacement at the mid-span and 
Equation 5.15 
Deformation mode 2 
Deformation mode 2 covered the stage of flat system response where the opposite columns had 
punched and the adjacent columns were responding in flexure. Slab displacements at the point 
of column removal and the opposite columns (𝑤𝑐𝑡𝑟.2 and 𝑤𝑐𝑡𝑟.𝑜𝑝𝑝.2 respectively) as well as the 
slab rotation around the adjacent column (𝜓𝑎𝑑𝑗.2) were important deformation parameters 
required at this stage.  
Prediction of post-punching response was considered as discussed in Chapter 3 of this thesis, 
where it was verified numerically and experimentally that slab displacement at a phase 
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(𝑤𝑐𝑟𝑖𝑡,3.5𝑑) during post-punching shear response could be obtained as the sum of the slab 
displacement at punching, 𝑤𝑝, and the increment in displacement up to this phase, 𝑤𝑝𝑝, due to 
post-punching shear response. This is as expressed in Equation 5.19.  
𝑤𝑐𝑟𝑖𝑡,3.5𝑑 = 𝑤𝑝,𝑐𝑟𝑖𝑡,2 + 𝑤𝑝𝑝,𝑐𝑟𝑖𝑡,2 ... eqn. 5.19 
 
Figure 5.20: Post-punching response of continuous flat slab connection  
The displacement, 𝑤𝑝, is as defined in Figure 3.30 and obtainable using Equation 3.38. In this 
assessment it is obtained at a distance 3.5𝑑 from the column face. Hence, 𝑤𝑝𝑝, which is 
obtained at a distance, 𝑞 + 𝑧Ф + 𝑑𝑐𝑜𝑡𝜃, was also estimated at this point using similar triangles. 
This made 𝑤𝑐𝑟𝑖𝑡,3.5𝑑 the total slab displacement at a distance of 3.5d from the column face, to 
the side of the column considered. Figure 5.20 shows considerations of these displacements for 
the critical side. However, estimates of slab rotations during post-punching at the opposite 
connection, obtained from static finite element responses of cases studies shown in Chapter 4 
and Section 5.3.6, gave values of 0.6770 and 0.0390 for the critical and opposite sides (𝜃𝑐𝑟𝑖𝑡.2 
and 𝜃𝑜𝑝𝑝.2) respectively, of a model with integrity reinforcement. Hence, difference in 
displacement between these two points at distances of about 0.2m were negligible (within 0 to 
0.001m). This small differences in slab displacement between the point of post-punching 
progression and a point 3.5d from the column face was neglected. This was also observed after 
comparison of displacements of flexural and integrity bars. The deformation due to flexural 
and integrity reinforcement crossing the punching shear cone controlled the connection 
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displacement, 𝑤𝑐𝑡𝑟,𝑜𝑝𝑝,2 is obtained by interpolation. Displacement at the point of column 
removal can be estimated using the simplified deformation relationship; 
𝑤𝑐𝑡𝑟,2 = 0.43𝑤𝑐𝑡𝑟,𝑜𝑝𝑝,2 ... eqn. 5.20 
For a given value of 𝑤𝑐𝑡𝑟,2, 𝜓𝑎𝑑𝑗.2 can be obtained using Equation 5.15. 
Deformation mode 3 
Slab deformation at this stage of response was carried out with equal small increments of 
displacements; 𝑤𝑐𝑡𝑟.3, 𝑤𝑐𝑡𝑟.𝑜𝑝𝑝.3 and 𝑤𝑐𝑡𝑟.𝑎𝑑𝑗.3. This was based on observations from static and 
dynamic finite element responses of cases studies shown in Chapter 4 and Section 5.3.6. 
Deformation modes 1, 2 and 3 ignores the initial sudden drop in rotation around the column 
(as observed in Figure 3.12a), prior to the slab attaining its assumed deformed shape. 
5.3.3 Shear load redistribution 
After the gradual removal of the internal connection (deformation mode 1), a value of 1.25 was 
adopted for ∆𝑉 at the opposite connections. This made the vertical reaction at the adjacent 
connections 0.8 times that at the opposite connections, assuming no significant redistribution 
of gravity load was made to it prior to punching shear failure of the opposite connections. This 
was as considered in Equation 5.3 of Section 5.2.2. 
After punching shear failure of the opposite connections, deformation mode 2 was adopted and 
capacities of opposite connections were determined based on small increments of 
displacements obtained from the predicted analytical post-punching response as described in 
Chapter 3. With rotation, 𝜓𝑎𝑑𝑗.2 obtained from slab compatibility, shear load at the adjacent 
connection was obtained using Equation 5.4, up to its punching shear failure. After punching 
shear failure of the adjacent connection, redistribution of load to connections beyond this 
subsystem was not considered. 
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Possible progression of punching shear failure from one connection to another in the flat slab 
system results in a horizontal propagation of damage while failure to capture this damage 
through the post-punching shear mechanism at each connection leads to a vertical and 
horizontal propagation of collapse. It is vital to avoid the vertical propagation of collapse since 
sudden vertical displacements would lead to impact of lower lying slabs, further increasing the 
chances of a progressive collapse.  
5.3.4 Compressive membrane action 
It is an established fact that theoretical approaches adopted for the determination of flexural 
and punching shear capacities of slab-column connections, give values less  than actual when 
the effect of compressive membrane action is not considered (Einpaul, Ruiz, & Muttoni, 2014). 
Influence of compressive membrane action (CMA) was taken into consideration in this thesis 
using nonlinear static push-down finite element analysis or alternatively the CMA factor, 𝑓𝐶𝑀𝐴, 
expressed in Equation 5.21.  
Two-dimensional finite element static push-down analysis 
For the nonlinear (implicit) static push-down finite element analysis, a two-dimensional flat 
slab model (Figure 5.21) was used to assess slab response at the deformation mode 1. Slab 
geometric and material properties were based on the slab case study presented in Section 4.3.3 
of this thesis. The multi-layered shell element formulation, *PART_COMPOSITE was 
adopted, with *MAT_CONCRETE_EC2 material model. The element formulation and 
constitutive material model adopted have been explained in detail in Section 4.2.3 of this thesis. 
The horizontal restraints were provided at supporting connections only, allowing for a self-
confining flat slab system. Vertical restraints were also provided at connections except at the 
point of column removal. The slab was gradually loaded to values of loading above its 
estimated punching shear strength. Connection reactions were obtained at opposite and 
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adjacent connections. Slab displacements were also obtained at the point of column removal as 
well as close to the critical faces of the opposite and adjacent connections. After a preliminary 
pushdown (implicit-static) analysis with the internal column removed, the shear load at which 
punching shear failure occurred at the opposite connection was determined using the failure 
criterion curve (Equation 5.6) which was adjusted appropriately using Equation 5.7. The 
approach adopted conformed to the LoA IV of the CSCT. 
 
Figure 5.21: Two-dimensional finite element model of flat slab 
Adoption of a two-dimensional finite element model covered only deformation mode 1. A 
finite element approach adopted to assess the complete response of the flat slab system, through 
all three deformation modes, with and without the use of integrity reinforcement is presented 
in Section 5.3.6 of this thesis.  
Application of CMA factor 
For the approach where a CMA factor, 𝑓𝐶𝑀𝐴, was used, this factor was calculated using the 
expression, 
𝑓𝐶𝑀𝐴 = 2.5 (1 −
𝑚𝑐𝑟
𝜂𝑅𝑚𝑅.ℎ𝑜𝑔
)  ... eqn. 5.21 
which when multiplied by the slab rotation, 𝜓, obtained using Equation 5.4, the slab rotation 
with consideration of compressive membrane action, 𝜓𝑠−𝑐, was obtained as shown in Equation 
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5.22 (Einpaul, 2016). Equation 5.21 was derived based on assumptions consistent with removal 
of an internal column in a flat slab system.  
𝜓𝑠−𝑐 = 𝑘𝜓 (1 −
𝑚𝑐𝑟
𝜂𝑅𝑚𝑅.ℎ𝑜𝑔
)𝜓  ... eqn. 5.22 
The parameter, 𝑘𝜓 is the factor of proportionality for rotation at the onset of yielding in a 
continuous slab relative to the corresponding rotation in an isolated specimen, 𝜂𝑅 is the ratio 
between sagging and hogging moment capacities, 𝑚𝑐𝑟 is the cracking moment per unit width 
of slab, 𝑚𝑅.ℎ𝑜𝑔 is the maximum hogging moment per unit width of slab and 𝜓 is the rotation 
close to the connection obtained using Equation 5.4. For cases of internal column response of 
continuous flat slabs, with equal orthogonal spans and without consideration of column 
removal, Einpaul et al. (2016) obtained Equation 5.23.  
𝜓𝑠−𝑐 = (1 −
2𝑚𝑐𝑟
𝑚𝑅.ℎ𝑜𝑔
)𝜓 ... eqn. 5.23 
Einpaul et al. (2016) assumed that the amount of hogging reinforcement was twice the amount 
of sagging reinforcement. This gave a value of 1 for 𝑘𝜓 and 0.5 for 𝜂𝑅.  
For the column removal case assessed in Section 4.3.3 of this thesis, 𝜂𝑅 was calculated to have 
a value of about 0.28, however for most practical cases a value of about 0.15 is obtained (ACI, 
2011b and The Concrete Society, 2007). This ratio is lower than the value adopted by (Einpaul, 
2016) because for the case of column removal, only minimum amount of reinforcement is 
provided at the compression zone of slab strip, around the column. Minimum amount of 
reinforcement in the compression zone is expected to cater for thermal and shrinkage cracking 
of concrete (ACI, 2011b). This gave a value of 2.5 for 𝑘𝜓. Hence, giving Equation 5.24.  
𝜓𝑠−𝑐 = 2.5 (1 −
𝑚𝑐𝑟
0.15𝑚𝑅.ℎ𝑜𝑔
)𝜓  ... eqn. 5.24 
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The failure criterion of the CSCT remained the basis for the determination of punching shear 
strength for both numerical and analytical approaches. Hence, these approaches conform to the 
LoA IV and LoA II of the CSCT respectively (fib, 2012a).  
(a)  (b)  
Figure 5.22: Comparison of compressive membrane action (a) due to flexural cracking 
in slab around columns; (b) due to force mechanism developed at small deflections 
It must be emphasised that Equation 5.24 considers compressive membrane forces developed 
due to slab expansion and restraint (confinement), as flexural cracks develop in the slab around 
the connection as shown in Figure 5.22a. Though this confinement also contributes to slab 
capacity enhancement after column removal, it is different from that which results from the 
force-mechanism developed after column removal (Figure 5.22b). The mechanism shown in 
Figure 5.22b develops due to compressive membrane forces induced by the vertical 
displacement of the slab. Compressive membrane forces push out the surrounding slab-area 
which constrains it. This results in self-confinement of the slab-column connections, decreasing 
its deformation and hence, increasing their flexural and punching shear capacity. As the slab 
displacement increases, lateral expansion tends to zero (𝑤𝑐𝑡𝑟 ≈ ℎ) with the development of 
tensile membrane action. Figure 5.23 compares slab-column connection response obtained 
using Equations 5.4 and 5.24. Prediction of punching shear strength at the opposite connection 
after column removal, using Equations 5.4 and 5.23, was 2% lower than the prediction obtained 
using the LoA IV of the CSCT.  
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Figure 5.23: Punching shear strength prediction with consideration of CMA 
5.3.5 Results of slab system analysis with nonlinear static response 
The predicted nonlinear static response of flat slab system is presented in this section. The 
nonlinear static response is needed for the application of Ductility-Centred-Robustness 
Assessment (DRA) framework. Approaches adopted for determining the load displacement 
relationship are as presented in Sections 5.3.1 to 5.3.4. The analysis is based on the flat slab 
system adopted in the case study in Section 4.3.3 of this thesis. 
Consideration of compressive membrane action (CMA) 
Results of assessment considering CMA led to stiffer response at the opposite connections of 
the flat slab systems. Response obtained analytically using Equation 5.4 and 5.24 provided 
displacement at the point of column removal, on application of the compatibility relationship 
(Equation 5.15). Displacement at the point of column removal obtained analytically was found 
to be 15% higher than that obtained numerically, at punching shear failure. Displacement at 
point of column removal obtained using Equation 5.4 alone was found to be higher due to 
higher rotations obtained without consideration of compressive membrane action. Figure 5.24 
show load-displacement responses obtained for the opposite column. The region labelled “P” 
corresponds to punching shear failure of the connection while that labelled “PP” corresponds 
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to peak post-punching shear response. The analytical approach adopted, adequately modelled 
the transition from punching shear to post-punching shear response as observed in Figure 5.24. 
(a) (b)  
Figure 5.24: Influence of compressive membrane action on opposite connection 
response: (a) without integrity reinforcement, (b) with integrity reinforcement (2# 
25mm 𝜙 bars in each orthogonal direction)
Horizontal damage propagation 
The slab load imposed on each column, 𝑃, was estimated from the shear load, 𝑉, transferred to 
the column from the slab. Based on the Model Code 2010 (fib, 2012a) the basic control 
perimeter around supported areas (𝑏1), is obtained at a distance 0.5𝑑𝑣 from the column face as 
shown in Figure 5.25. Based on Figure 5.25b, 𝑉 = ∑𝑉𝑓𝑎𝑐𝑒. Hence, 
𝑃 = 𝑉 + 𝜂(4𝑐𝑑𝑣 + 0.25𝜋𝑑𝑣
2)  ... eqn. 5.25 
gives the vertical reaction force imposed on the column. However, due to the relatively small 
area of the punching cone, 𝑃 tends to be approximately equal to 𝑉 prior to punching shear 
failure (i.e gravity uniformly distributed load within the punching cone is neglected). After 
punching shear failure, 𝑃 = 𝑉, during the post-punching. These relationships are based on the 
assumption of columns which run continuously through flat slab system.  
P
A P 
PP 
PP 
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Figure 5.25: Estimation of 𝐏 from 𝐕 
 (a)  (b)  
Figure 5.26: Relationship between opposite and adjacent connection responses: (a) 
without integrity reinforcement, (b) with integrity reinforcement (2# 25mm 𝜙 bars in 
each orthogonal direction) 
Results presented in Figure 5.26 show analytically obtained relationships between the vertical 
reactions at the opposite and adjacent connections and the displacement at the point of column 
removal, for cases with and without integrity reinforcement. The approach adopted for 
obtaining the connection response have been presented in Sections 5.3.1 to 5.3.4.  Unlike 
results observed in the dynamic cases where a time-based response was adopted, no sudden 
increase in support reactions was observed at the adjacent connection after punching shear 
failure of the opposite connection. This was because load-displacement relationships obtained 
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after punching shear failure of the opposite connection was calculated quasi-statically, based 
on increasing deformation around connections. Hence, neglecting time based dynamic effects, 
which would have led to sudden increases in shear load borne by adjacent columns. 
 
Figure 5.27: Flat slab system load-displacement relationship: (a) Without integrity 
reinforcement total vertical load;  (b) With integrity reinforcement total vertical load 
The flat slab system response is presented in Figure 5.27. The total load was obtained as the 
sum of the connections reaction at given displacement, at the point of column loss. It was 
observed that after punching shear failure at the opposite connections, a drop in the total vertical 
reaction occurred due to the loss of capacity at these connections. Adoption of a deformation-
based approach allows for a gradual deformation of the flat slab system which minimises 
dynamic effects. The drop in flat slab system capacity after punching shear failure of the 
opposite connections was observed to be greater in the flat slab system without integrity 
reinforcement. This was due to a lower residual shear strength after punching. The second drop 
after punching shear failure of the adjacent connections was also lower in the flat slab system 
with integrity reinforcement due to the activation of integrity reinforcement at the opposite 
connections. While capacity of the flat slab system without integrity reinforcement never got 
higher after the punching of the adjacent connection, that which incorporated integrity 
reinforcement had a peak capacity of 5.4MN at a displacement of 0.24m, at the point of column 
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loss. This peak capacity was due to post-punching shear resistance at the connections and 
tensile membrane action on the slab. Peak capacity was 6% higher than the capacity at first 
punching. 
5.3.6 Verification of static nonlinear flat slab subsystem response 
Numerical nonlinear static response 
The nonlinear static response was assessed numerically, using the flat slab F.E model described 
in Section 4.3.4. This gave further insight to the slab kinematics, load redistribution and 
interaction between the various mechanisms during the various phases of slab system response. 
Analysis was initially carried out based on incremental area loading. Slab displacements at 
several points around connections and slab spans were obtained after the load-controlled 
analysis. These displacements were applied gradually in a displacement-controlled analysis 
depicting the deformation of the flat slab model in the incremental area load-controlled 
analysis, but with negligible dynamic effects after punching shear failure of connections. 
Dynamic effects were made negligible by distributing displacement after punching shear 
failure over much larger time intervals than those obtained in the load-controlled assessment. 
Dynamic effects were monitored using system kinetic energy. 
With the internal connection removed, numerical nonlinear static response showed that 
redistribution of gravity load during the gradual increment of gravity loading was as expected. 
Figure 5.28 shows that from commencement of loading up to punching shear failure of opposite 
column, shear load at the adjacent connections ranged between 0.7 and 0.8 of that at the 
opposite connections. This verifies the suitability of 0.8 adopted in the analytical assessment. 
Figure 5.29 shows that after punching shear failure of the opposite connections, gravity loads 
carried by the connections are transferred to the adjacent connections. Punching shear failure 
of the adjacent connections occurred when the resistance of the adjacent column, in addition to 
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the residual shear capacity after punching at the opposite connections were insufficient to resist 
collapse progression. At this point post-punching shear mechanism was activated at the 
opposite connections.  
 
Figure 5.28: Ratio of vertical reaction in adjacent connection to that in opposite 
connection obtained from F.E simulation 
Prior to the punching shear failure of the adjacent connections, the primary displacement 
occurred at the point of column loss. After punching shear failure at the opposite connection 
(Figure 5.29), displacement at this point was increased more suddenly than at the point of the 
lost column until the post-punching mechanism was well developed. At this stage, 
displacement at both points progressed equally. 
(a)  (b)  
Figure 5.29: Vertical reactions at opposite and adjacent connections: (a) Slab system 
without integrity reinforcement; (b) Slab system with integrity reinforcement  
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Comparison of analytical and numerical static flat slab subsystem responses 
Load displacement relationships obtained through the analytical approach with and without 
CMA, as presented in Section 5.3.5, gave good predictions when compared to those obtained 
through static nonlinear F.E assessment. These are shown in Figure 5.30 and Figure 5.31. 
Assumptions adopted in the analytical assessment were also as observed in the numerical 
results. In the slab without integrity reinforcement, maximum percentage differences of 7% 
and 10.7% were observed for punching shear strength and peak post-punching shear strength 
respectively between analytical and F.E models. These percentages were 8% and 5% 
respectively for slab subsystem with integrity reinforcements. These were observed for both 
opposite and adjacent connections.
 
Figure 5.30: Vertical connection 
reaction forces for slab without integrity 
reinforcement 
 
Figure 5.31: Vertical connection 
reaction forces for slab with integrity 
reinforcement 
Numerical responses did not show a sudden drop in connection punching shear resistance to 
the residual shear strength after punching as assumed in analytical models in some cases. This 
was more noticeable in adjacent connections, where the drop in strength lasted over a 
displacement of about 0.05m from the punching shear capacity. This was due to local 
development of damage from one face of the connection to others during punching shear 
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failure. Displacements at which punching shear strength and peak post-punching shear strength 
were recorded in both analytical and F.E predictions were also in agreement for all connections. 
There was a 0.04m displacement gap between peak post-punching displacements for adjacent 
connections in model with integrity reinforcement. Results confirm that the proposed approach 
adopted for the analytical modelling of static load deformation response of flat slab system, 
taking into consideration the various mechanisms and their interactions was adequate. 
5.3.7 Influence of material strain rate 
The Ductility-centred robustness assessment approach (DRA) has been reported not to take 
into consideration the influence of material strain rate in its assessment of sudden column 
removal cases in structures of various forms (DCLG, 2011; Herraiz, Russell and Vogel, 2015; 
and Liu, 2014). However, the DRA has been confirmed to provide accurate predictions of 
structural capacity after sudden removal of a vertical load bearing member (Herraiz, Russell 
and Vogel, 2015; and Liu, 2014). This could be due to the fact that the influences of material 
strain rate on the connection response after the loss of an internal column is not as significant 
as observed in cases such as those of impact and explosion (101 to 107 s-1). Sasani, Bazan and 
Sagiroglu (2007) noted peak strain rates of about 10-2s-1 in columns and beams after column 
removal tests on a real reinforced concrete multi-storey structure. Russell, Owen and 
Hajirasouliha (2015) after column removal tests reported maximum values of material strain 
rate in steel of 0.348s-1. Numerical simulations carried out in Chapter 4 of this thesis showed 
that average strain rate in slab regions close to opposite connections were about 10-2 for models 
assessed under quasi-permanent and frequent load combinations of the Eurocode 0 (CEN, 
2010a). Materials around this region experienced strain in both compression and tension with 
the maximum strain rate at some localized regions being as high as 6s-1 during the response. 
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Dynamic finite element analyses carried out in Chapter 4 showed that, on removal of column, 
strain rate increased significantly at the initial phases of response due to the dynamic effects 
developed as the slab dropped. If the dynamic demand exceeds supply at the pre-punching 
shear failure phase, material strain rate effects could also influence the post-punching shear 
response. 
To assess possible influence of strain rate on the structural response using the CSCT, a strain 
rate of 10-2s-1 was used based on the results in Chapter 4 (Section 4.4). Assessment of response 
of an opposite column was carried out based on a push down analysis with an internal column 
removed, using the flat slab case study in Section 4.4 of Chapter 4. Amplifications in concrete 
and steel material resistances due to strain rate were estimated using Model Code 2010 (fib, 
2012b) relationships, shown in Equations 5.26 to 5.30.  
𝑓′𝑐
𝑓𝑐𝑚
⁄ = (
𝜀?̇?
𝜀𝑐𝑜̇
⁄ )
0.014
  ... eqn. 5.26 
𝑓′𝑐𝑡
𝑓𝑐𝑡𝑚
⁄ = (
𝜀𝑐𝑡̇
𝜀𝑐𝑡𝑜̇
⁄ )
0.018
  ... eqn. 5.27 
𝑅𝑒
𝑅𝑒1
⁄ = 1 + (6.0 𝑅𝑒1
⁄ ) ∗ 𝑙𝑛 (𝜀̇ 𝜀1̇
⁄ )  ... eqn. 5.28 
𝑅𝑚
𝑅𝑚1
⁄ = 1 + (7.0 𝑅𝑚1
⁄ ) ∗ 𝑙𝑛 (𝜀̇ 𝜀1̇
⁄ ) ... eqn. 5.29 
𝐴5
𝐴5.1
⁄ = 1 + (0.2 𝐴5.1
⁄ ) ∗ 𝑙𝑛 (𝜀̇ 𝜀1̇
⁄ ) ... eqn. 5.30 
Where, 𝑓𝑐𝑚 is the mean cylinder value of compressive strength; 𝑓𝑐𝑡𝑚 is the mean value of 
concrete tensile strength; 𝑓′𝑐 and 𝑓′𝑐𝑡 are the concrete compressive and tensile strength at strain 
rates 𝜀?̇? and 𝜀𝑐𝑡̇  respectively; 𝜀𝑐𝑜̇  and 𝜀𝑐𝑡𝑜̇  are the concrete quasi-static strain rates with values 
of 30x10-6 s-1 and 1x10-6 s-1 respectively; 𝑅𝑒1, 𝑅𝑚1 and 𝐴5.1 are the steel rebar yield stress, 
tensile strength and ultimate strain at a quasi-static strain rate, 𝜀1̇, with value of 5x10
-5 s-1; and 
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finally, 𝑅𝑒, 𝑅𝑚 and 𝐴5 are the steel rebar yield stress, tensile strength and ultimate strain at the 
required strain rate, 𝜀̇. 
Consideration of material strain rate effects in both concrete and steel rebar had negligible 
effect on connection response when assessed using the LOA II of the CSCT. A 3% increase in 
connection punching shear capacity was observed due to material strength enhancement. This 
is as shown in Figure 5.32. Hence, use of the DRA without consideration of material strain rate 
would be expected to provide accurate, safe though slightly conservative dynamic response of 
a flat slab system response after sudden column removal. 
 
Figure 5.32: Influence of strain rate on punching shear strength at opposite connection 
after column removal  
5.3.8 Application of the Ductility-Centred Robustness Assessment (DRA) 
The basis of the DRA has been discussed in Section 5.2.6 of this thesis. Figure 5.33 shows the 
general relationship between a typical nonlinear static response of a structure, displaying elastic 
flexural, plastic flexural, snap-through and strain hardening behaviour, and the pseudo-static 
curve derived (Izzuddin & Nethercot, 2009). Typical nonlinear static response from a flat slab 
structure could also be represented using Figure 5.33, with mechanisms such as CMA, post-
punching shear and TMA contributing to the actual response of real structures. Figure 5.33 also 
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shows the ability of the DRA to predict the maximum dynamic amplification of structural 
systems at phases of response where significant nonlinearities result. At such phases where the 
normalised loads are approximately one and higher, very high values of 𝜆𝑤 (displacement 
amplification factor) are expected, with the actual value dependent on the availability, nature 
and detailing of reinforcement provided. The red dash lines in Figure 5.33 represent the 
minimum values of load considered for this region.  Hence, at this region, 𝜆𝑑 (load 
amplification factor) is assumed to remain constant (Izzuddin & Nethercot, 2009). The ductility 
phase of the slab system response is adequately catered for through modelling of the post-
punching shear response up to the fracture of flexural and integrity reinforcements at the 
connections.
 
Figure 5.33: Responses over elastic and plastic phases (Adapted from Izzuddin and 
Nethercot, 2009) 
After sudden removal of an internal column of a flat slab structure, only gravity load due to, 
and supported by slab panels surrounding the removed column is activated dynamically, prior 
to the subsequent progressive failure of adjoining connections. Gravity load distribution to 
adjoining columns adopted after removal an internal column is as shown in Figure 5.34 for the 
three deformation modes considered in Figure 5.14. Deformation modes 1, 2 and 3 presented 
in Figure 5.14 were applied to only flat slab systems with integrity reinforcement, while 1 and 
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2 were applied to flat slab systems without integrity reinforcement. This was due to the fact 
that deformation mode 3 assumed the opposite connection still provided some significant 
resistance in post-punching. 
 
Figure 5.34: Gravity load distribution at three phases of response after removal of 
internal column 
Influence of slab continuity on load distributed to columns was neglected, to allow for a direct 
calculation of area load. Hence, total load imposed on the opposite columns after column 
removal was 1.25𝑃𝑜𝑝𝑝.1 (Regan, 1981). However, only 0.75𝑃𝑜𝑝𝑝.1 of the load in the opposite 
columns contributed to the dynamic response of the flat slab system at deformation mode 1, as 
shown in Figure 5.34. For the adjacent columns, 0.25𝑃𝑎𝑑𝑗.1 was contributed at deformation 
mode 1.  
The sum of the various contributions gave the total load (𝑃𝑠𝑡𝑎𝑡) used in the calculation of 
pseudo-static response of the flat slab system. Calculation of the pseudo-static load (𝑃𝑑) for the 
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deformation modes 1, 2 and 3 were carried out using Equations 5.31, 5.32 and 5.33 
respectively.  
𝑃𝑑.1 =
1
𝑤𝑐𝑡𝑟.1.𝑑
∫ 𝑃𝑠𝑡𝑎𝑡.1 𝑑𝑤𝑐𝑡𝑟.1.𝑑
𝑤𝑐𝑡𝑟.1.𝑑
0
  ... eqn. 5.31 
𝑃𝑑.2 = 𝑃𝑑.1 +
1
𝑤𝑐𝑡𝑟.2.𝑑
∫ 𝑃𝑠𝑡𝑎𝑡.2 𝑑𝑤𝑐𝑡𝑟.2.𝑑
𝑤𝑐𝑡𝑟.2.𝑑
𝑤𝑐𝑡𝑟.1.𝑑
  ... eqn. 5. 32 
𝑃𝑑.3 = 𝑃𝑑.2 +
1
𝑤𝑐𝑡𝑟.3.𝑑
∫ 𝑃𝑠𝑡𝑎𝑡.3 𝑑𝑤𝑐𝑡𝑟.3.𝑑
𝑤𝑐𝑡𝑟.3.𝑑
𝑤𝑐𝑡𝑟.2.𝑑
  ... eqn. 5. 33 
5.3.9 Results of analytical dynamic flat slab system response 
Calculation process adopted for dynamic assessment of flat slab system is as shown in Figure 
5.35. The solution process was applied to flat slab system adopted for the case study in Section 
4.3.3 of this thesis. This flat slab system had been previously analysed numerically (Chapter 
4). Nonlinear static response for this slab is as presented in Section 5.3.6. Dynamic responses 
were assessed for cases with and without the provision of integrity reinforcement and are 
presented in Figure 5.36 and Figure 5.37 for flat slab systems without and with integrity 
reinforcement respectively. Cases were assessed with consideration of CMA. 
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Figure 5.35: Calculation process for flat slab system assessment 
Slab without integrity reinforcement 
The analytical static nonlinear subsystem response showed a drop in resistance after punching 
shear failure of opposite connections. Redistribution of gravity load to adjacent connections 
led to no increase in resistance greater than that observed prior to punching shear failure of 
opposite connections. This is as shown in Figure 5.36. 
On application of the DRA to the flat slab system without integrity reinforcement, results 
predicted failure of the connection in both punching shear and post-punching. This led to the 
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progression of horizontal damage and vertical collapse beyond the subsystem considered. This 
response was as observed for three different levels of loadings adopted; quasi-permanent (gk +
ψ2qk), frequent (gk +ψ1qk) and a load combination 1.214(gk + qk) adopted to ensure failure 
of the integrity reinforcement provided (2# 25mm diameter bars in each orthogonal direction). 
Under the permanent (gk) load combination, the opposite connections did not fail in punching 
shear and progressive collapse did not occur. Responses under these loadings agreed with 
results obtained from dynamic F.E analysis as presented and discussed in Section 4.4.1 of this 
Thesis. 
Slab with integrity reinforcement 
Observations from DRA analysis of flat slab system with integrity reinforcement was same as 
those of connection without integrity reinforcement prior to punching shear failure of the 
opposite connection. After punching shear failure of the opposite connection, ductility of the 
connection influenced the dynamic response as observed in the pseudo-static curve of Figure 
5.37. Due to activation of integrity reinforcement, the dynamic resistance of the connection 
increased after punching shear failure, such that vertical propagation of collapse was arrested 
for quasi-permanent and frequent load combinations. The connection at this state simply had 
the slab hanging on the column with help of the integrity reinforcement. This is consistent with 
observations in results of dynamic F.E analyses presented in Section 4.4.1 of this Thesis. 
Vertical collapse was however propagated beyond the subsystem investigated for the gravity 
load 1.214(gk + qk), which was also as observed in dynamic F.E analysis. 
Failure of connections to arrest vertical collapse propagation even after punching shear failure 
at the connection may lead to the total collapse of the flat slab structure. Impact of the falling 
slab on lower lying ones could arrest vertical collapse propagation, however, this scenario is 
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beyond the scope of the present study. Arrest of vertical collapse propagation through the post-
punching mechanism does not guarantee the arrest of horizontal damage propagation. 
 
Figure 5.36: System non-linear static 
and pseudo-static response without 
integrity reinforcement 
 
Figure 5.37: System non-linear static 
and pseudo-static response with 
integrity reinforcement
As observed in dynamic F.E simulations. Gravity load redistribution and slab deformations prior 
to the adequate activation of the post-punching mechanism, after punching shear failure of the 
opposite connection, could lead to punching shear failure of adjacent connections. Higher 
connection deformation capacities and residual shear strength after punching could prevent the 
damage of adjoining connection prior to the activation of the post-punching resistance required 
to arrest collapse propagation. Higher connection deformation capacities and residual shear 
strength could be achieved through use of punching shear reinforcements or bent-up bars. 
 Conclusions 
This Chapter provided a novel analytical basis for the dynamic assessment of flat slab structural 
systems after sudden column removal. It combines analytical approaches proposed in Chapter 3 
of this thesis, which considered punching shear and post-punching shear responses of slab-
column connections, with the DRA to take into account dynamic effects. Simple formulae for 
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load and displacement amplification factors were derived for slab-column connections which 
could be used in design. With the help of existing analytical load-deformation models as well as 
compatibility relationships developed, response of flat slab connections and system under 
gradually increasing area load were determined analytically. This was carried out taking into 
consideration the various mechanisms developed as well as their interactions. With application 
of the DRA, dynamic responses were obtained for the nonlinear static response. Both static and 
dynamic analytical subsystem and slab system responses agreed with those obtained by means 
of nonlinear F.E analysis.  
The theoretical basis of the proposed analytical model allows for possible extensions to different 
design cases by introducing refinements in the load-displacement and compatibility 
relationships, to cater for cases where connection detailing (such as provision of punching shear 
reinforcement and its influence on post-punching response), slab geometry as well as secondary 
horizontal restraining structural members would influence connection subsystem and slab system 
response. The proposed model could also be extended to cases of corner and edge column 
removal.  
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Implications of proposed models towards 
guidance of structural robustness of flat slab 
structures 
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6.1 Introduction 
This chapter focuses on two key aspects affecting structural robustness of flat slab structures 
viz; potential occurrence of punching at adjacent connections after initial local failure 
(initiation of progressive collapse after sudden-column removal) and potential occurrence of 
failure propagation beyond damaged connections. The analyses are influenced by the provision 
of integrity reinforcement, level of gravity load, and geometry of the case investigated. The 
proposed models developed and validated in Chapter 5 are applied to quantify these two issues 
in different cases studies of flat slab design found in the literature. These two relevant aspects 
cover targets adopted in design codes or regulations to ensure structural robustness of flat slab 
structures.  
Table 6.1: Gravity loading for nonlinear static residual capacity assessment 
Code Design combination 
(kNm-2) 
Accidental load combination 
(kNm-2) 
% 
Eurocode 0 
and  
1.35𝑔𝑘  + 1.5𝑞𝑘= 
 
16.57 𝑔𝑘  + 0.3𝑞𝑘 = 
 
9.84 59 
Eurocode 1-1-7   (quasi-permanent load combination) 
 
𝑔𝑘  + 0.5𝑞𝑘   = 10.44 63 
 (frequent load combination) 
ASCE/SEI-16 (2017), 
GSA and DoD 
1.4𝑔𝑘               = 12.52 0.9𝑔𝑘  + 0.5𝑞𝑘 = 9.55 61 
1.2𝑔𝑘  + 0.5𝑞𝑘 = 15.53 1.2𝑔𝑘  + 0.5𝑞𝑘 = 12.23 79 
(𝑔𝑘  = 8.9 kNm
-2 and 𝑞𝑘 = 3.0 kNm
-2 adopted in Table 4.2) 
 
The level of gravity loading imposed on the slab significantly influences response obtained in 
the progressive collapse assessment for accidental situations. Table 6.1 shows that values of 
gravity loading adopted for static assessment of residual capacity of flat slabs in codes (for 
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accidental situations) can vary between 59% and 79% of the gravity load for which the structure 
was designed (Ultimate limit state) without consideration of column removal. Table 6.1Error! 
Reference source not found. also shows that load combinations for accidental situations are 
more onerous in the ASCE/SEI 7 (ASCE, 2010), GSA (GSA, 2016) and DoD (DoD, 2013) 
codes compared to the Eurocode 1-1-7 (CEN, 2014a). 
6.2 Potential occurrence of punching after column removal  
After sudden removal of an internal column, potential occurrence of punching shear failure at 
opposite connections depends on their reserve punching shear capacity, changes in eccentricity 
and changes in the critical span length. Reserve punching shear capacity influences the 
demand-capacity ratio prior to and after column removal (𝐷𝑅0 and 𝐷𝑅) while changes in 
eccentricity influence moment and shear transfer due to asymmetry developed in the new 
loading and support condition (∆𝑀) as discussed in Chapter 5, on application of the ductility-
centred robustness assessment approach to slab-column connection subsystem. Change in span 
length leads to a reduced slab slenderness (∆𝑆) relative to that for which slab characteristics are 
designed. These parameters were taken into consideration in Equations 5.4 and 5.9 for the 
application of the Ductility-Centred Robustness Assessment to slab-column subsystems. 
Cases studies are here carried out on various flat slab building design solutions available in 
design guidelines and research literature. This is adopted to assess how design philosophies 
influence predicted structural responses because the parameters 𝐷𝑅, ∆𝑀 and ∆𝑆 are influenced 
by slab characteristics such as column layout geometry and the factor of safety adopted for 
each case. Flat slab design solutions adopted include those available in The Concrete Society 
(2007), DBBV (2011), Liu (2014) and Keyvani, Sasani and Mirzaei (2014). Flat slab systems 
from DBBV (2011) and Liu (2014) were with regular and equal spans while that of Keyvani, 
Sasani and Mirzaei (2014) was with unequal orthogonal spans. The flat slab case available in 
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The Concrete Society (2007) had an irregular column layout and unequal spans. Slab 
slenderness (𝑟𝑠/𝑑) for the various cases assessed did not vary significantly. Values of 
slenderness at connections were 5.3, 8.25, 8.35 and 8.38 for the flat slab systems obtained from 
The Concrete Society (2007), DBBV (2011), Liu (2014) and Keyvani, Sasani and Mirzaei 
(2014) respectively. 
Assessment of the potential occurrence of punching shear failure at the connection closest to 
that of the removed column was carried out by first calculating the static shear force at the 
connection prior to column removal, 𝑉𝑜, and after column removal, 𝑉1, where 𝑉1 = ∆𝑉𝑉𝑜. For 
irregular spans and column layouts, 𝑉1 was estimated using, elastic finite element analysis. The 
pseudo-static rotation, 𝜓𝑝𝑠, was determined using Equation 5.12 at 𝑉 = 𝑉1. The dynamic load 
amplification factor, 𝜆𝑑, was then calculated using Equation 5.14 and the dynamic demand was 
calculated using the expression: 𝑉𝑑𝑦𝑛 = 𝜆𝑑𝑉1. The dynamic demand was compared to the 
dynamic capacity, 𝑉𝑅.𝑑𝑦𝑛, and the connection assessed, was considered to have punched when 
𝑉𝑑𝑦𝑛 ≥ 𝑉𝑅.𝑑𝑦𝑛. Figure 5.12 demonstrates the procedure for this assessment. 
6.2.1 The Concrete Society (2007) 
The design solution of an existing four-story office building described in Technical Report 64 
of The Concrete Society (2007) was adopted to assess the potential occurrence of punching at 
the opposite columns after column removal. The structure was designed using the Eurocode 2 
(CEN, 2014b). As shown in  Figure 6.1, the slab consisted of irregular spans, supported on 
0.4m wide square columns. The slab had a thickness of 0.3m and a characteristic cylinder 
compressive strength of 30MPa at 28days. This gave an average strength of 36MPa considering 
a combined strength and aging factor of 1.2. Reinforcing steel bars had characteristic strength 
of 500MPa and were provided such that the percentages of reinforcement over the internal 
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column were 0.96% and 1.27% in the x and y directions respectively. The first perimeter of 
punching shear reinforcement around the column consisted of 12 legs of 0.01m diameter bars. 
These gave a total punching shear reinforcement area (𝐴𝑠𝑤) of 948mm
2 per perimeter. Total 
dead load adopted for design was 484.5kN and live load, 226.8kN. Total design load added up 
to 947.6kN. Further details on design characteristics of this flat slab cases is available in The 
Concrete Society (2007). 
 
Figure 6.1:     Slab geometry (The 
Concrete Society, 2007) 
 
Figure 6.2: Response of connection B2 
according to the proposed method
The proposed approach showed that removal of column C2 did not lead to punching shear 
failure of adjacent connections. As shown in  Figure 6.2, both static and dynamic shear forces 
(𝑉1 = 1.02𝑀𝑁 and 𝑉𝑑𝑦𝑛 = 1.40𝑀𝑁) at connection B2 for the frequent load combination of 
the Eurocode 0 (CEN, 2010a) were lower than dynamic connection capacity, 𝑉𝑅.𝑑𝑦𝑛 =
1.57𝑀𝑁 (Sagaseta et al., 2017). A value of 1.76 was obtained for the dynamic displacement 
amplification factor, 𝜆𝑤. Observations agreed with those obtained using a dynamic nonlinear 
finite element analysis by Olmati et al. (2017), where damage of adjacent connections were 
shown to have been resisted.  
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6.2.2 German Concrete and Construction Company, DBBV (2011) 
A design solution to a multi-story flat slab structure was provided in the design handbook by 
German Concrete and Construction Company, DBBV (2011) using the Eurocode 2 (CEN, 
2014b). The flat slab system designed consisted of a regular arrangement of square bays each 
with a span of 6.75m (Figure 6.3) and slab thickness of 0.24m. Square columns with width of 
0.45m were adopted. Concrete and steel reinforcement with strengths of 35MPa and 500MPa 
respectively, were used. Calculated dead load and live loads gave values of 7.25kNm-2 and 
3.25kNm-2 respectively, with a total design load of 14.67kNm-2 (1.35𝑔𝑘 + 1.5𝑞𝑘). A 
percentage of flexural reinforcement of 1.65% was provided at the internal column strips. 
Punching shear reinforcement provided included 18, 14 and 16 number 10mm diameter shear 
reinforcement bars, provided at the first, second and third rows of the internal columns 
respectively. Further details on design characteristics of this flat slab cases is available in 
DBBV (2011). 
 
Figure 6.3:    Slab geometry (DBBV, 
2011)  
 
Figure 6.4: Response of opposite 
connection according to the proposed 
method 
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As presented in Figure 6.4, result of analysis shows that sudden removal of an internal column 
will not lead to punching shear failure of adjoining connections. At the static gravity load (𝑉1), 
a dynamic rotation of 0.0058 radians was obtained. At this rotation, the connection capacity 
was calculated to be 1.15MN, which was 0.74MN greater than the equivalent dynamic load 
developed when assessed with the frequent load combination of the Eurocode 0 (CEN, 2010a), 
which is required for accidental situations. At the dynamic rotation of 0.0058, a dynamic load 
amplification factor of 1.2 was obtained. 
6.2.3 Keyvani, Sasani and Mirzaei (2014)
Keyvani, Sasani and Mirzaei (2014) adopted a flat slab model developed as a case study for a 
proposed numerical model. The flat slab bay consisted of three rectangular interior panels (8m 
by 6m as shown in Figure 6.5), and a cantilever panel of length 1m at each end. Square columns 
were 0.3m wide and the slab was 0.28m thick. Design of flat slab for the ultimate limit state 
was based on a design load of 13.1kNm-2 using the ACI 318 (ACI, 2011a). A reduction factor 
of 0.59 was applied to the live load for design of the internal columns (Keyvani et al., 2014). 
Percentages of flexural reinforcement provided over internal columns were 0.51% and 0.3% in 
the longitudinal and transverse directions respectively. No punching shear reinforcement was 
provided. Finally, in each orthogonal direction, two integrity reinforcement bars with diameters 
22mm, were designed in compliance to the ACI 352.1R (ACI, 2011b).  
Sudden removal of the internal column B3 (Figure 6.5) was carried out with a slab load 
combination of 𝑔𝑘 + 0.25𝑞𝑘 (GSA, 2016) which gave a total gravity load of 9.2kNm
-2 
(Keyvani et al., 2014). Sudden removal of column B3 brought about an uneven redistribution 
of gravity loads to columns B2 and C3. Elastic finite element analysis showed that 58% and 
30% of load carried by B3 was redistributed to B2 and C3 respectively. Column B2 carried 
more of this (∆𝑉=  1.58) because it had a shorter span and was surrounded by discontinuous 
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edges. These reasons made B2 the critical connection after column removal. Hence, slab 
geometry could significantly influence gravity load redistribution after column removal, with 
increases of more than 50 percent of that originally borne by connections. As shown in Figure 
6.5, for the gravity load considered, both connections B2 and C3 will fail in punching shear. 
At the static gravity load (𝑉1), a dynamic rotation of 0.029 radians was obtained at the 
connection B2. At this dynamic rotation, a dynamic load amplification factor of 1.3 was 
obtained.  
 
Figure 6.5:     Slab geometry (Keyvani et al., 2014) 
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(a)  (b)  
Figure 6.6: Response of opposite connections according to the proposed method (a) 
C3 (b) B2 
Results of sudden column removal assessment without consideration of compressive 
membrane action support those carried out by Keyvani, Sasani and Mirzaei (2014). However, 
with consideration of compressive membrane action, results obtained by Keyvani, Sasani and 
Mirzaei (2014), showed that punching shear failure of connections would be resisted. This is 
only possible with the assumption that external connections are horizontally restrained using 
some additional bracings. 
6.2.4 Liu (2014) 
Like the flat slab model of Keyvani, Sasani and Mirzaei (2014), Liu (2014) designed a multi-
storey flat slab structure for a case study on progressive collapse of old reinforced concrete flat 
slab buildings. Design of the flat slab system was carried out in accordance to the ACI 318 
(ACI, 1971). The structure consisted of four square panels, with a 6 m span in each orthogonal 
direction (Figure 6.7). The characteristic compressive strength for concrete and yield strength 
of steel used were 27.6 MPa and 427.5 MPa respectively. The dead and live loads used for the 
ultimate limit state were 5.446 kNm-2 and 2.4 kNm-2 respectively. The percentage of designed 
flexural reinforcement provided over the internal supports was 0.64%. Compression 
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reinforcement was also provided at the connections but their contribution in post-punching 
were neglected due to the inadequacy of their anchorage at the connections (Liu, 2014).  
Column removal of the internal column was carried out, using the accidental load combination 
recommended in the DoD (2013) guidelines (Liu, 2014). As shown in  
Figure 6.8:    Response of opposite connections according to the proposed method 
 , sudden removal of the internal column led to punching shear failure of the adjacent 
connections. This agreed with results of dynamic finite analysis carried out by Liu (2014). At 
the static gravity load (𝑉1), a dynamic rotation of 0.024 radians was obtained at the connection 
B2. At this dynamic rotation, a dynamic load amplification factor of 1.26 was obtained using 
the proposed analytical approach. A dynamic load amplification factor of 1.35 was reported by 
Liu (2014). 
 
 
Figure 6.7:     Slab geometry ( Liu, 2014) 
 
Figure 6.8:    Response of opposite 
connections according to the proposed 
method 
  
Ulaeto N.W. PhD Thesis 
 
226 
 
6.2.5 Conclusion on potential occurrence of punching after column removal  
Response of four flat slab sub-systems have been assessed after the sudden removal of internal 
connections using the proposed method. Two of these structures were actual flat slab design 
solutions to practical engineering needs whilst the other two were designed flat slab models 
adopted for research purposes. The slabs were originally designed using the Eurocode 2 (CEN, 
2014b) and ACI 318 (ACI, 2011a) for flexure and shear covering a sensible range of span 
lengths, slab thicknesses and gravity loading, which represent values in practice. Research based 
slabs (6.2.3 and 6.2.4) experienced punching shear failure at adjacent connections after sudden 
column removal whereas this was not the case for slabs assessed in Sections 6.2.1 and 6.2.2, 
designed for practical purposes. Conservative considerations in specification of strength 
enhancing parameters in practical design solutions were responsible for their resistance of 
punching shear failure at the opposite connection after loss of internal connection. These results 
are mainly due to the relative high demand-capacity ratio (𝐷𝑅0) of the connections investigated 
in the research-based examples. Table 6.2 shows 𝐷𝑅0 for the various flat slab cases assessed, 
where lower values indicated higher connection capacities relative to the demand due to gravity 
loading. 
Table 6.2:  𝑫𝑹𝟎 of connections assessed 
 Concrete Society 
(2007) 
DBBV (2011) Keyvani, Sasani and 
Mirzaei (2014) 
Liu (2014) 
𝐷𝑅0 0.3 0.31 0.68 0.63 
 
Different factors can contribute to the lower values of 𝐷𝑅0 in the first two cases in Table 6.2. A 
major factor is the provision of punching shear reinforcement, which contributes to enhanced 
strength and deformation capacities of flat slab connections after an initial local failure. As 
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observed in Figure 6.9, inclusion of a small area of punching shear reinforcement (12 legs of 
10mm bars crossing the critical shear crack) provided punching shear capacities greater than the 
dynamic shear demand developed after column removal, which was not the case without the 
incorporation of punching shear reinforcement. This was in exception of the critical connection, 
B2, in Keyvani, Sasani and Mirzaei (2014) as shown in Figure 6.8b, which was still predicted to 
punch after sudden column removal. Other factors influencing the 𝐷𝑅0 are the actual values of 
flexural reinforcement provided, relative to those required; and some built-in conservatism in 
the analysis and design of the flat slab connections.  
In conclusion, assessment of the potential occurrence of punching shear failure after sudden 
column removal of flat slab cases available in literature, showed that conservatism adopted in 
the design and detailing of practical cases (The Concrete Society, 2007 and DBBV 2011), led to 
high demand-capacity ratios, which made them resist failure at adjoining connections after 
sudden column removal. Both practical cases where designed in conformance to the Eurocode 2 
(CEN, 2014b). However, for other cases adopted in research (Liu, 2014 and Keyvani, Sasani and 
Mirzaei 2014), adjoining connections failed in punching shear. For the latter cases, the absence 
of designed integrity reinforcement makes progressive collapse eminent. However, for cases 
with integrity reinforcement, the potential occurrence of progressive collapse after column 
removal need to be investigated. 
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 (a)  (b)    
(c)  
Figure 6.9: Influence of punching shear reinforcement (12 legs of 10mm bars) on 
connection response after sudden column removal (a) C3 (Keyvani et al., 2014) (b) B2 
(Keyvani et al., 2014) (c) Opposite connection (Liu, 2014) 
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6.3 Potential occurrence of progressive collapse after column removal 
6.3.1 Code based formulae 
Occurrence of punching shear failure at an adjacent support after loss of an internal column leads 
to activation of post-punching mechanisms at this adjacent connection and redistribution of 
gravity loads to other connections as discussed in Chapter 5 of this thesis. Provision of integrity 
reinforcement in flat slab connections is aimed at arresting vertical propagation of collapse at the 
post-punching phase. Several codes provide expressions for the calculation of the required area 
of integrity reinforcement (SIA, 2003; CSA, 2004; ACI, 2011b; and fib, 2012). These 
expressions have been reviewed in Chapter 2 of this thesis. Prediction of post-punching shear 
resistance of slab test specimens (Habibi et al., 2012; Ruiz, Mirzaei and Muttoni, 2013; and 
Peng, 2015) using code-based expressions are as shown in Table 6.3. Overall, safe predictions 
of peak post-punching shear strength were obtained when compared with test results.  
It is important to note that slab specimens in tests were subjected to symmetric loading and 
support conditions. Such conditions do not represent realistically cases of sudden column loss 
where geometric asymmetry influences punching and post-punching responses of the 
connections. Geometric asymmetry has been noted to reduce post-punching shear resistance, 
which justified the development of the analytical post-punching model in Chapter 3. 
In addition to asymmetry developed after column removal, dynamic effects are developed after 
the sudden column removal and potential punching shear failure of connections. These are due 
to the sudden drop of the slab around the connection, prior to the activation of flexural and 
integrity reinforcement in the post-punching phase. This sudden movement results in inertia 
effects due to the mass and gravity loads applied in the slab during the accidental event. 
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Table 6.3: Prediction of post-punching shear resistance using code formulae 
Test PM9 
(kN) 
PM10 
(kN) 
PM12 
(kN) 
SS 
(kN) 
RS 
(kN) 
0.64UN 
(kN) 
1.0UN 
(kN) 
Tests/cal. 
Averages 
Peak test response 123.4 158.6 245.0 397.0 360.0 169.0 254  
Melo and Regan (1998) 107.7 
(1.15) 
101.0 
(1.56) 
90.2 
(2.70) 
165.3 
(2.38) - 
 
114.2 
(1.47) 
114.2 
(2.22) 
1.91 
 
ACI 352.1R (ACI, 
2011b) 
111.5 
 (1.11) 
158.4 
(1.00) 
292.1 
(0.84) 
304.0 
(1.30) 
325.6 
(1.11) 
116.8 
(1.45) 
116.8 
(2.17) 
1.28 
SIA 262 
SIA (2003) 
104.7 
(1.18) 
148.7 
(1.06) 
274.3 
(0.89) 
285.5 
(1.39) 
305.8 
(1.18) 
109.7 
(1.54) 
109.7 
(2.33) 
1.37 
CSA A23.3-04 
(CSA, 2004) 
123.9 
(1.00) 
176.0 
(0.90) 
324.5 
(0.76) 
337.8 
(1.18) 
361.8 
(1.00) 
129.8 
(1.30) 
129.8 
(1.96) 
1.16 
Model code 2010 
(fib, 2012) 
115.6 
(1.06) 
159.1 
(1.00) 
153.5 
(1.59) 
275.4 
(1.45) 
287.8 
(1.25) 
184.8 
(0.92) 
184.8 
(1.37) 
1.23 
Note:  
Values in brackets are ratios of test to calculated values  
ACI 352.1R (2002) resistance is estimated using 𝑤𝑢𝑙1𝑙2 = 1.8𝑓𝑦 ∑𝐴𝑠.𝑖𝑛𝑡 
 
6.3.2 Effectiveness of integrity reinforcement on flat slab systems 
The flat slab system case study adopted in Chapter 4 was used for the investigation of the 
effectiveness of integrity reinforcement. Table 6.4 shows the required areas of integrity 
reinforcement using design codes (SIA, 2003; CSA, 2004; ACI, 2011b; and fib, 2012). These 
areas were calculated using a design shear load, ∆𝑉𝑉𝑜, obtained at the internal columns closest 
to the one removed suddenly. This initial assessment follows the guidelines in Regan (1981) for 
the derivation of minimum amount of integrity reinforcement (2 bars) to reduce the risk of 
progressive collapse. In Table 6.4, the ACI 352.1R (ACI, 2011b) formula was observed to 
require the most area of integrity reinforcement, and the CSA A23.3-04 (CSA, 2004) required 
the least.  
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Table 6.4: Required area of post-punching shear reinforcement 
Code SIA 262 CSA A23.3-04 ACI 352.1R  Model Code 2010 
Total require area, 
∑𝐴𝑠.𝑖𝑛𝑡 (mm
2) 3377 2426 4097 3126 
Progressive collapse of the flat slab system was defined by the punching shear failure of 
adjoining connections and the subsequent fracture of integrity reinforcement provided, which 
would lead to the horizontal and vertical propagation of failure along the connections of the flat 
slab. The total area of integrity reinforcement adopted for the case study were; 1608mm2, 
2513mm2, 3041mm2, 3927mm2 and 5890m2, which corresponds to 2# 16mm, 2# 20mm, 2# 
22mm, 2# 25mm and 3# 25mm bars provided in each orthogonal direction respectively. All of 
these cases comply with the Eurocode 2 recommendation of 2 bars in each orthogonal direction. 
Progressive collapse of the flat slab system was assessed using the analytical model proposed in 
Section 5.3 of this thesis. Symmetric and asymmetric (after sudden column removal) post-
punching shear responses of the opposite connections (Figure 6.11) with differing areas of 
integrity reinforcements are as shown in Figure 6.10.  
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Figure 6.10: Symmetric and asymmetric post-punching shear response of the opposite 
connection with integrity reinforcement 
Figure 6.10a shows that for symmetric cases with small areas of integrity reinforcement 
(1608mm2), contribution of flexural reinforcement resulted in a conservative prediction of post-
punching shear strength by code formulae when compared to peak post-punching shear strength 
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obtained using the analytical approach. Code formulae do not directly consider the contribution 
of flexural reinforcement to post-punching. Hence, in cases where the area of integrity 
reinforcement is small, the contribution of flexural reinforcement is significant, which results in 
an underestimation of post-punching shear strength as observed in Figure 6.10.  
Figure 6.10 shows that predictions of peak post-punching shear strength by Model Code 2010 
(fib, 2012a) formulae was the most consistent with those of the proposed symmetric analytical 
approach. This is due to the consideration of the concrete breakage strength during post-punching 
in the Model Code 2010. The Model Code 2010 formulae showed that at slab connections with 
2# 25mm and 3# 25mm bars, the peak post-punching shear strength in these connections was 
limited to concrete breakage at these connections. For these connections, 𝑑𝑟𝑒𝑠.𝑖𝑛𝑡. = 𝑑𝑟𝑒𝑠.𝑖𝑛𝑡.𝑚𝑎𝑥 
(Figure 6.11). For connections with lower areas of integrity reinforcement, fracture of integrity 
reinforcement was predicted at the peak post-punching shear strength. This was also as observed 
in the proposed analytical model. Figure 6.10 also showed that code formulae which do not take 
into consideration concrete breakage strength during post-punching tend to over-estimate post-
punching resistance when a large area of integrity reinforcement is provided. Peak asymmetric 
response were lower than peak symmetric responses for all areas of integrity reinforcement 
provided with differences between 12% and 14%.  
 
Figure 6.11: Breakage of concrete over integrity reinforcement 
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For the slab system analysis, the deformation modes for the flat slab system, after the sudden 
removal of an internal column, were determined as shown in Figure 6.14. Load redistribution at 
these deformation modes were estimated using a simple geometry (Figure 5.1a), without 
consideration of the influence of slab continuity. Using Equations 5.4 to 5.8, load rotation 
relationships were obtained at the connections for the first deformation mode. The influence of 
compressive membrane action was considered using Equation 5.24. Displacement at the point 
of column removal was calculated using the compatibility relationship define in Equation 5.15. 
 
Figure 6.12: Flat slab system deformation mode 1 
After punching shear failure of the opposite connection (Figure 6.12), the second deformation 
mode was considered. At the second deformation mode, asymmetric post-punching was 
considered at the opposite connections and flexure was considered at the adjacent connections. 
After the punching shear failure of the adjacent connection the third deformation mode was 
adopted and load displacement relationship was calculated on the basis of the post-punching 
response of the opposite and adjacent connections. 
Application of the ductility-centred robustness assessment (DRA) was carried out at the 3 
deformation modes adopted using Equations 5.31 to 5.33. The gravity load imposed on each 
column due to column removal was estimated as shown in Figure 5.34. Figure 6.13 shows results 
of this assessment for the five different areas of integrity reinforcement used. Slab capacities 
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were assessed using area loads based on the frequent (𝑔𝑘 + 𝜓1𝑞𝑘), quasi-permanent (𝑔𝑘 + 𝜓2𝑞𝑘) 
and permanent (𝑔𝑘) load combinations. 
Frequent and quasi-permanent load cases led to the punching shear failure of the opposite 
connections (first significant drop of the static nonlinear response curves in Figure 6.13). 
Provision of integrity reinforcement failed to avoid the horizontal propagation of punching shear 
failure to the adjacent connections (second significant drop of the static nonlinear response 
curves in Figure 6.13), after the punching shear failure of the opposite connection. This was 
observed for the frequent load case with different areas of integrity reinforcement and was due 
to the low deformation capacity of the connections. Subsequent drops of the static nonlinear 
response curves were due to fracture of integrity reinforcements at the various connection faces.  
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Figure 6.13: Static and pseudo-static response of flat slab system with different areas of 
integrity reinforcement 
The critical gravity load used for assessment was the frequent load combination of the Eurocode 
0 (CEN, 2010a). For this gravity load, application of the DRA showed that after sudden column 
Chapter 6 
 
237 
 
removal of an internal column and punching shear failure of the opposite connection, the flat 
slab system with 5890m2 area of integrity reinforcement adequately resisted vertical propagation 
of collapse. For the flat slab system with 3927mm2 area of integrity reinforcement (Figure 6.12d), 
the pseudo-static curve experienced a peak value of 0.0105MNm-2 which was just above the area 
load (0.0104 MNm-2) calculated from the frequent load combination. This gave a dynamic 
demand to capacity ratio of 0.99, showing that the flat slab system was very close to experiencing 
a progressive collapse. This was in agreement with results of dynamic numerical analysis 
discussed in Section 4.4.2 of this thesis, where a maximum axial stress of 502MPa was obtained 
in the integrity reinforcement at the critical side of the opposite column, after sudden column 
removal of the internal, under the frequent load combination (Figure 6.14). 
 
Figure 6.14: Maximum axial stress in integrity reinforcement at the critical face of 
connection after sudden column removal under frequent loading in dynamic finite 
element analysis (3927mm2) 
Based on the calculated required area of integrity reinforcement using the code formulae in Table 
6.4, 3041mm2 and 3927mm2 areas were expected to adequately activate sufficient post-punching 
shear resistance after sudden column removal and subsequent failure of the adjacent connection, 
under the frequent load combination. However, while progressive collapse was propagated with 
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the use of 3041mm2 integrity reinforcement, Figure 6.13d shows that the flat slab system with 
3927mm2 area of integrity reinforcement was close to experiencing a progressive collapse. 
Failure of these code-based formulae in the prescription of an area of integrity reinforcement 
sufficient to resist the vertical propagation of collapse after the loss of an internal connection can 
be attributed to the influence of geometric asymmetry and dynamic effects on the post-punching 
response at the opposite connections which is not taken into account in the integrity 
reinforcement design in codes. Code based formulae are based on symmetric and static 
conditions. 
6.3.3 Recommendations for integrity reinforcement design 
As raised in previous sections, in order to overcome progressive collapse, considerations of 
asymmetry and dynamic effects are recommended in the design of integrity reinforcement. Using 
code formulae for the determination of the required area of integrity reinforcement, it is proposed 
that the application of a dynamic load amplification factor for post-punching (𝜆𝑑.𝑝𝑝), as well as 
a shear increase factor (∆𝑀.𝑝𝑝) due to geometric and load asymmetry. These two factors are 
included in Equation 6.1, which provides the area of integrity reinforcement (𝐴𝑠.𝑖𝑛𝑡.𝐶.𝑅) adequate 
to arrest vertical progression of collapse for cases of sudden column loss. 
𝐴𝑠.𝑖𝑛𝑡.𝐶.𝑅 = ∆𝑉.𝑝𝑝𝜆𝑑.𝑝𝑝∆𝑀.𝑝𝑝𝐴𝑠.𝑖𝑛𝑡.  ... eqn. 6.1 
For the case study investigated (also investigated in Chapter 4) a value of 1.33 was adopted for 
∆𝑉.𝑝𝑝 corresponding to the increase in load after column removal of an internal bay with regular 
layout and equal spans in both directions as shown in Chapter 5. Table 5.2 shows that a value of 
1.22 was calculated for 𝜆𝑑 at punching shear failure on application of Equation 5.11 from the 
proposed subsystem connection model. This is a relatively similar value to 1.35 reported by 
Russell, Owen and Hajirasouliha (2015) for 𝜆𝑑 prior to shear failure. The value 1.35 is also 
adopted here for 𝜆𝑑.𝑝𝑝.  
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Comparison of symmetric and asymmetric post-punching shear responses (Figure 6.10) showed 
values of ∆𝑀.𝑝𝑝 to range between 1.14 and 1.17.  A value of 1.2 was adopted for ∆𝑀.𝑝𝑝 for flat 
slabs with equal spans in orthogonal directions prior to column removal. In cases with irregular 
geometry, ∆𝑀.𝑝𝑝 could be assessed using the post-punching model in Chapter 3. 
Adopting general values, ∆𝑉.𝑝𝑝= 1.33, 𝜆𝑑 = 1.35 and ∆𝑀.𝑝𝑝= 1.2, in Equation 6.1 gave areas 
of integrity reinforcement shown in Table 6.5. Areas of integrity reinforcement calculated using 
the SIA 262 (SIA, 2003), CSA A23.3 (CSA, 2004) and Model Code 2010 (fib, 2012) were 1%, 
29% and 9% respectively lower than 5890m2 and larger than 3927 mm2 which was found to 
provided just sufficient resistance to vertical collapse propagation, which in principle is the target 
of integrity reinforcement.  Hence, areas of integrity reinforcement calculated using Equation 
6.1 and the formulae from the SIA 262 (SIA, 2003) and Model Code 2010 (fib, 2012) would 
provide adequate resistance to vertical collapse progression. Area of integrity reinforcement 
calculated using Equation 6.1 and the formulae from the ACI 352.1R (ACI, 2011b) was 20% 
greater than the area found to be sufficient to resist vertical collapse progression (5890m2), 
hence, overestimating the required area. Generally, the proposed equation results in an increase 
of 70%, in the required area of integrity reinforcement, compared to existing recommendations. 
This is further discussed in Section 6.3.4. 
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Table 6.5: Required area of integrity reinforcement for sudden column removal 
scenario 
Code 
 
SIA 262 
 
CSA 
A23.3-04 
ACI 
352.1R  
Model Code 
2010 
Total area of integrity 
reinforcement required across 
column faces (mm2) 5821 4182 7063 5390 
 
6.3.4 Conclusion on potential occurrence of progressive collapse after column removal 
The proposed approach for assessment of potential occurrence of progressive collapse of flat 
slab systems might seem a rather onerous measure, however, its importance cannot be ignored, 
considering the severe consequences of occurrence of progressive collapse. Future experimental 
work will be needed to refine this tentative design approach. Application of Equation 6.1 
provides a simple basis for the determination of the required area of integrity reinforcement for 
cases of column removal using areas calculated from symmetric cases using design codes (SIA, 
2003; CSA, 2004; ACI, 2011b; and fib, 2012). The approach presented is based only on the 
contribution of integrity reinforcement. For cases where punching shear reinforcement is 
provided, response of the flat slab system will change and the parameters ∆𝑉.𝑝𝑝, 𝜆𝑑.𝑝𝑝 and ∆𝑀.𝑝𝑝 
in Equation 6.1 would need to be evaluated. The flat slab system approach can be applied in such 
cases to obtain more refined values of As.int.C.R. 
This thesis showed that provision of integrity reinforcement will not arrest the horizontal 
propagation of punching shear failure from one connection to another, in flat slabs with relatively 
low deformation capacities. Hence, a more effective design approach should be arresting 
progressive collapse at the connection subsystem level rather than relying solely on integrity 
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reinforcement. As shown in Section 6.2.5, the inclusion of minimum punching shear 
reinforcement for this purpose is an efficient solution.  
6.4 Conclusions 
The potential occurrence of punching and occurrence of progressive collapse after column 
removal were assessed for different cases of flat slab design using the proposed methods. A 
parametric analysis was also carried out using different amounts of integrity reinforcement given 
by different codes.  Provision of punching shear reinforcement at connections was observed to 
be an effective way to arrest horizontal propagation of damage and an indirect way to control 
progressive collapse rather than relying solely on integrity reinforcement.  
Code formulae for integrity reinforcement were shown to give safe and accurate predictions of 
tests with symmetric and static configurations. However, it is shown that results of area of 
integrity reinforcement required to arrest progressive collapse (without punching shear 
reinforcement) can change significantly depending on whether asymmetry and dynamic effects 
are considered. The proposed slab system model can be used to calculate the required area of 
integrity reinforcement in such cases, towards achieving certain levels of robustness in flat slab 
structures.  
 
  
 
 
 
 
 
 
 
  
Conclusions and recommendations for future 
research 
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7.1 Introduction 
A varying degree of load redistribution in flat slab structures can result after the occurrence of 
an initial local failure. Failure of adjoining structural elements and connections will occur if their 
load and deformation capacities are not sufficient after such a local failure, which may be related 
to column removal. This may lead to the horizontal and/or vertical progression of failure up to a 
point where a state of static equilibrium is satisfied. To prevent secondary damages which may 
result from an initial local failure in flat slab structures, understanding of the phenomena (i.e. 
modes of failure propagation, mechanisms developed, interaction of these mechanisms) is 
important. The development of methods towards prediction of structural response after initial 
local failure is necessary in improving design against accidents that may lead to progressive 
collapse.  
In this thesis, numerical modelling of flexural, punching shear and post-punching shear 
responses of isolated slab specimens were carried out using explicit quasi-static finite element 
(FE) analysis on LSDYNA. Slab-column connections were modelled explicitly using solid 
elements for concrete and beam elements for steel reinforcement. This allowed FE models to 
cater for the large geometric and material nonlinearities and the three-dimensional considerations 
of stresses and strains expected around connections due to punching and post-punching shear 
responses. Numerical modelling slab-column connections allowed for the assessment of 
symmetric and asymmetric post-punching shear response of slab-column connections. 
An analytical approach was developed for the prediction of post-punching shear response of the 
slab-column connections taking into consideration the breakage of concrete surrounding 
reinforcement crossing the critical shear crack. The proposed model does not rely on parameters 
obtained from experimental tests or FE analysis for calculation of post-punching shear response 
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of flat slab connections. This gives the proposed model an advantage over existing post-punching 
models where the various parameters required for determination of post-punching response 
cannot be calculated independently. The proposed model also allowed for consideration of 
asymmetry due to uneven spans, developed after loss of an internal column. Validation of the 
proposed analytical model was also carried out using quasi-static isolated slab specimen tests on 
punching shear and post-punching available in literature as well as results of finite element 
analyses. 
The response of flat slab systems was also investigated numerically. Dynamic response of 
connections was validated using test on low velocity impacts of drop weights on slab specimens. 
To reduce computation cost and time, detailed numerical modelling of the flat slab system was 
only carried out at the slab-column connection regions. The span regions were modelled using 
two-dimensional shell elements. Coupling of the solid and beam elements at the connection 
region, to the shell elements at the span region was carried out using nodal rigid bodies. With 
the numerical model developed, dynamic response of the flat slab system after sudden column 
removal was assessed. 
Simple theoretical models for nonlinear static and dynamic analyses of progressive collapse of 
flat slab structures at subsystem and flat slab system levels were developed. Static nonlinear 
response of flat slab systems after the removal of an internal column was observed. Load 
redistribution and load deformation relationships were derived for the assumed deformation 
modes, taking into consideration mechanisms developed during the slab response. Levels of 
response and mechanisms considered were based on the idealization of a slab-column subsystem 
and a flat slab system. Both approaches were based on the Ductility-Centred Robustness (DRA) 
approach. The proposed slab-column subsystem assessment approach took into consideration 
flexural, punching shear and dynamic actions. The proposed flat slab system assessment 
approach took into consideration flexural, compressive membrane, punching shear, post-
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punching, tensile membrane and dynamic actions. Assessments using both approaches were 
carried out on a flat slab case study, designed in compliance to the Eurocode 2 (CEN, 2014b). 
Models developed were applied to various cases of flat slab systems available in literature. This 
was geared towards discussing structural robustness of flat slab structures and the influence of 
some detailing considerations (such as the use of integrity reinforcement at the slab-column 
connection). This was achieved using various cases of flat slab systems designed for practical 
and research purposes. Finally, to avoid possible vertical propagation of failure after punching 
failure of adjoining connections, a simple relationship was proposed which considered 
asymmetric and dynamic actions in the calculation of the required area of integrity 
reinforcement. 
7.2 Conclusions 
7.2.1. Modelling of shear response of slab-column connections 
Finite element analysis of slab-column connections provided good predictions of punching, 
residual shear strength after punching and post-punching shear response in symmetric cases; the 
percentage difference, were up to 2%, 21% and 3% respectively and conservative in comparison 
with test results. Predictions of fracture of flexural and integrity reinforcement were also found 
to agree with those of tests. Finite element analysis of connection response in cases with 
asymmetry (resulting from uneven spans developed after column removal), gave lower punching 
shear strengths, higher residual shear strength after punching and lower peak post-punching shear 
strength relative to results of the equivalent symmetric tests. The lower post-punching shear 
strength observed in such cases were due to varying degrees of activation of the reinforcement 
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at the different sides of the punching shear cone. Hence, for cases of column removal, it was 
found that asymmetry is an important factor that reduces the accuracy of existing models. 
The proposed analytical post-punching model for slab-column response also gave good 
predictions of residual shear strength and response in symmetric and asymmetric cases. Results 
of peak post-punching shear strength gave percentage differences between 0.03% and 19% when 
compared to test results. The predictions of the residual shear strength after punching were also 
accurate. The proposed analytical model was also found to give good estimates of the axial strain 
in the integrity reinforcement, which was important for the determination of peak post-punching 
shear strength when post-punching shear capacity was limited by the fracture of the integrity 
reinforcement. The post-punching shear response for asymmetric cases obtained from the 
analytical model agreed with those obtained from finite element analyses which further supports 
the uneven activation of the reinforcement at the slab-column connections, which is not taken 
into account in existing formulae. Findings from the modelling of punching and post-punching 
shear response of slab-column connection, showed that the second objective of this thesis has 
been realised. 
7.2.2. Numerical modelling of flat slab system 
Numerical modelling of flat slab system provided good understanding of the response of flat slab 
systems after sudden column removal. Flexural, compressive membrane action, punching shear, 
post-punching shear, tensile membrane action and dynamic response of the flat slab system; and 
their interactions were all adequately taken into consideration in the numerical model.  
Numerical results showed that the level of gravity load on the structure at the time of occurrence 
of the accidental action influenced both the possibility and duration of progressive collapse. With 
very a high gravity load, progressive collapse was observed to occur suddenly. Numerical results 
Chapter 7 
 
247 
 
also showed load redistribution in flat slab system. Load redistribution was observed to be a 
function of the slab deformation and the slab closest to the removed column was able to carry a 
large percentage of the redistributed load.  
Compressive membrane action was observed to develop significantly after column removal, 
though for most gravity load cases, its contribution was not sufficient to prevent punching shear 
failure of adjoining connections. At flat slab connections, it was found that compressive 
membrane action reduced to zero after punching shear failure and tensile membrane action 
developed subsequently. Both compressive and tensile membrane actions were found to be 
concentrated around the connections.   
Integrity reinforcement was found to be effective in the arrest of progressive collapse (vertical 
propagation of failure) at large deformations. Arrest of progressive collapse in flat slab systems 
using integrity reinforcement was affected by the breakage of concrete around the flexural and 
integrity reinforcement connecting the punching shear cone to the column (post-punching); 
tensile membrane forces developed in the flexural and integrity reinforcement and tensile 
membrane forces developed at the span regions of the slab. For slabs with integrity reinforcement 
and no punching shear reinforcement, punching shear failure of adjoining connections was 
observed to occur before the integrity reinforcement developed sufficient resistance to arrest the 
progressive collapse. This was due to the large deformations needed for activation of the post-
punching shear resistance and the low deformation capacities of the connections prior to 
punching shear failure. These findings satisfied the third objective of this thesis. 
7.2.3. Analytical models for progressive collapse analyses 
The proposed analytical slab-column subsystem model allowed for a simple and accurate 
assessment of the response of adjoining connections after the sudden removal of an internal 
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column. Though, the analytical slab-column subsystem model can only be applied to a 
connection considered critical after the sudden removal of an internal column, this simple model 
provides information on the response of the connection which is important for robustness 
considerations during design using the alternative load path method. The model can confirm that 
a specific connection will resist the increase in demand due to a sudden removal of an adjoining 
column in which case it is demonstrated that the structure can find an alternative load path (that 
is the structure is robust). Otherwise, if the connection fails, a slab system analysis is required. 
The proposed flat slab system model for the assessment of progressive collapse provided results 
which agreed with those obtained through dynamic finite element analysis. Results of analytical 
investigation confirmed the contribution of compressive membrane action in the resistance of 
progressive collapse through the confinement of the slab area around the slab-column 
connections and the reduction of slab deformation around the slab-column connections. Both 
factors increase the punching shear capacity of the connection and reduces the potential for 
progressive collapse. Connection responses and load redistribution were adequately taken into 
consideration in the analytical flat slab system model. This allowed for accurate predictions of 
horizontal and vertical propagation of failure of the flat slab systems under various levels of 
gravity loading. The analytical flat slab system approach also confirmed the punching shear 
failure of connections in the flat slab case study adopted, prior to full activation of post-punching 
shear resistance to arrest vertical collapse propagation. The development and validation of the 
analytical approaches for prediction of slab-column connection subsystem and flat slab system 
responses satisfy the requirements of fourth objective of this thesis.  
7.2.4. Application of proposed analytical models to design cases 
Application of the proposed analytical models to designed cases of flat slab available in literature 
was carried out in consideration of punching shear failure of adjoining connections after an initial 
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local failure and the propagation of progressive collapse. This study included practical design 
cases in design guidelines and slabs designed for research purposes. The practical design cases 
of flat slabs were observed to resist punching shear at the opposite connection after the sudden 
loss of an internal column due to conservative considerations in the provision of flexural and 
punching shear reinforcement. Provision of punching shear reinforcement was found to 
significantly improve the resistance of slab-column connections (as well as the entire flat slab 
system) to accidental events by preventing the initial horizontal propagation of failure.  
Findings on the use of integrity reinforcement formulae provided in design codes (SIA, 2003; 
CSA, 2004; ACI, 2011b; and fib, 2012), in flat slab systems showed that the code formulae 
predictions of peak post-punching strength in symmetric conditions agreed with those of the 
proposed analytical model and test data available. However, predictions of the Model Code 2010 
(fib, 2012) were found to be the most consistent with the proposed analytical approach due to its 
consideration of concrete breakage during post-punching, especially when large areas of 
integrity reinforcement were provided.  
Required areas of integrity reinforcement calculated using code formulae were found to be 
insufficient in cases of sudden loss of an internal column since they do not account for dynamic 
amplifications of gravity loads and possible reductions in post-punching capacity at the 
connections due to geometric and load asymmetry. However, for the slab cases investigated, it 
was observed that application of a dynamic load amplification factor of 1.35 and an asymmetry 
factor of 1.2 (for flat slab systems with regular support arrangements and equal orthogonal 
spans), to the required area of integrity reinforcement obtained from the Model Code 2010 (fib, 
2012) were sufficient to arrest vertical propagation of collapse. 
It was generally concluded that arresting progressive collapse at the connection subsystem level 
(using punching shear reinforcement) rather than relying solely on integrity reinforcements is a 
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more effective design approach since integrity reinforcement did not arrest horizontal 
propagation of failure. The numerical model is applicable to flat slab systems with regular or 
irregular spans, where punching shear reinforcement is not provided. However, the compatibility 
relationships developed in the analytical model, make it applicable only to flat slabs with regular 
column layout.  
7.2.5. Recommendations for future research  
Several contributions have been made to knowledge on the progressive collapse of flat slab 
structures, in view to ensuring their safety under accidental loads. Section 7.2 of this thesis 
highlights the major contributions made by this study to knowledge, in this area. To build on 
these contributions, the cases presented below are suggested for future work. 
1. Experimental tests are needed to assess the influence of punching shear reinforcement on 
post-punching shear response of flat slab connections both with and without integrity 
reinforcement because tests available in literature only cover post-punching shear response for 
cases without punching shear reinforcement. These experimental tests will provide insights to 
the influence slab-column connection detailing on their response. This would serve as a basis for 
validation of finite element and analytical models developed for connections with punching shear 
reinforcement. 
2. Validation of the asymmetric post-punching shear response of flat slab connections with 
experimental test is needed to further confirm the nature of this response since in this thesis the 
analytical asymmetric model was verified with finite element analysis. 
3.  Extension of the slab-column connection subsystem model and the flat slab system 
model to cases of sudden losses of edge and corner columns is needed for a complete assessment 
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of various possible scenarios in the assessment of the sensitivity of flat slab structures to initial 
local failure. 
4. Reliable tests for the assessment of response of flat slab systems with connections 
adequately detailed to take into consideration possible punching shear and post punching shear 
responses is also needed. 
5. For flat slab cases where vertical collapse propagation is not arrested by integrity 
reinforcement, effect of impact of upper floors on lower lying ones (pancake type progressive 
collapse), as observed in the Pipers Row car park in Wolverhampton, could be investigated 
analytically, numerically and experimentally.  
6. Investigations are needed on the influence of lateral bracing (such as shear walls) on the 
sensitivity of flat slab structures. Lateral bracings would increase the lateral confinement of flat 
slabs. This would increase the compressive membrane effect prior to punching and possibly the 
peak capacity after punching.  
7. Application of the proposed flat slab system model could be made to cases of irregular 
column layouts. This would further enhance its applicability to real structures. 
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